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ABSTRACT

In this paper, we obtained a generalized logistic distribution which is called a five-parameter type II generalized logistic
distribution. The distributional properties of the model such as the cumulative distribution function, moment generating function,
characteristic function, the median and the mode of the generalized distribution were established and finally a theorem that
relate the generalized distribution was stated and proved.
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1. INTRODUCTION

Logistic distribution is a continuous type of distribution. The importance of logistic distribution as a growth curve has made it
one of the most important statistical model. The shape of logistic distribution which is similar to that of normal distribution
makes it simpler and profitable on suitable occasions to replace normal distribution with logistic distribution with negligible
errors in the respective theory. The probability density function of a random variable that has logistic distribution is given as
£
o

f(x)=e—x_ﬂ, —0< X< o0, —00< I <00, 0>0. )
=S
o(l+e 7 )’

Without loss of generality, we shall assume that 4 = 0 and 0 =1 then equation (1) will now become

X

e
f(X)=———5, —0<x<oo, ©)
(1+e*)’
and its cumulative distribution function is defined as
1
F(x)=——0, —oco < X < oo, 3)
(1+e")

In order to improve the fit of the logistic distribution for bioassay and quantal response data, many researchers have generalized
the logistic distribution. These generalized distributions (indexed by one or more parameters) were developed to extend the
logistic model to asymmetric probability curves and to improve the fit in the non-central probability region. The role of the
added parameters are to introduce skewness and vary tail weights and they provide greater flexibility in the form of the
distribution and consequently in modeling observed data. The logistic distribution has been used in different areas of human
endeavours, Verhulst (1845) used it in economic and demographic studies. Berkson (1944,1951,1953) applied the distribution

extensively in analysing bio-assy and quantal response data. Prentice (1976) studied the generalization of probit and logit
method for dose response curves.
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Many other publications on logistic distribution can be found in George and Ojo (1980), Ojo (1989,1987,2002,2003), Wu etal
(2000). Balakrishnan and Leung (1988a) showed the probability density function of a random variable that has type II
generalized logistic distributions given as

behx
f(X;b):m, —°°<X<°°,b>0, “)

and its corresponding cumulative density function is given as

b
X

e
1+e*

F(x;b)=1- 5)

Olapade (2005) considered a type II generalized form of logistic distribution that has four parameters given as
Ape™
f(x;p,/i):p—, —0<x<o0o, p>0,A>0 (6
( ﬂ{ + eX) p+l
and its corresponding cumulative density function is given as
& |

F(x; A, p)=1-
(4. p) A+e”

(N
In this paper, we derived a five-parameter type II generalized logistic distribution by extending the work of Olapade (2005).

2. FIVE PARAMETER TYPE II GENERALIZED LOGISTIC DISTRIBUTION

In this section, we shall derive a form of generalized logistic distribution which shall be called five parameter type II
generalized logistic distribution by extending the work of Olapade (2005) given in equation (6) as shown in the theorem below.

Theorem 1: Let Y be a continuously distributed random variable with probability density function fY (y) , then the random

My

variable X =In ’B— has a five-parameter type II generalized logistic distribution with parameter p , A and IB
(1-4y)

if Y follows a uniform density function over a unit range (0,1).

Proof: If Y has a uniform distribution over a unit range (0,1), then the probability density function of Y is given as,

fy)=1, O<y<l. 8)

ﬂ , it implies that y = Lx :
ﬁ(l—(/;) A+ Pe

Suppose X = In

Therefore
d
f(x)= ‘—y‘f(y) ©)
dx
p,px
f(x):M —0 < x < oo, (10)

(A+ By
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If we now introduce the location parameter {{ and scale parameter O into equation (10) it becomes
x—p
P—>)
ApBle ©°
x—4

oA+ fe o )
where p > 0, A1>0 and 8> 0.

fou,o,A,B,p)= , —0< x<oo, (I

The probability density function in equation (11) is now the five parameter type II generalized logistic distribution. It has the
cumulative distribution function
pe |
F(x; B A, p)=1-|—/———| . (12)
A+ fe*

3. MOMENT GENERATING FUNCTION AND CHARACTERISTIC FUNCTION OF FIVE-PARAMETER TYPE II
GENERALIZED LOGISTIC DISTRIBUTION

The moment generating function of the five-parameter type II generalized logistic distribution is given as:

M (1) = Ele*]= [eflodx (13)
, o P E
Mx(t)=/1p B L, ¢ = dx. (14)
(A+fe o )™
Let 7 = — then X =20+ U
(o
- et(za—u)ezp
M (t)=App’| ——d
x() plB J.—°°(2,+,Bez)p+1 <
M (l‘)_ﬂ ﬁpeﬂfro efw—eZPdZ
* P —= (A+ fe)"!
o z(or+p)
M ()=Appre" | ———d
(=P j_w(“ﬂez)pﬂ 2

= ! ez—l_/ly ddz——_dy
(A+pe’) By y(1-Ay)

1
When 7 = —o0, y:E and when z =0, y=0.

ety

Therefore

1
M (1) = Apfre" [Ay"" (1= )™ (By) ™7y (1= Ay)dy

1
M (1) = ﬂpﬂpe”tjoﬂ(l—/ly)“m_l y 7dy. (15)
Now, let m = 1—/1)) then dy =d—n;.
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1
When y=0,m=1 and when y=z,m=0.

By substituting these into equation (15) , it becomes

M(0)=ApBoe” [m ”M_I(—l_ﬂmj 7

=A"ppBe" .Eup”_l(l—u)_’ du
=A"pB "e"B(ot+p—1+1),(1-o0r)

I'(p+on)I'(1-o1)
I'(or+ p+1-o1)

— ﬂ—mﬂ—mg—le,urp

M (1) = B oA T (p+onl(1-0r) 6
I'(p)

Equation (16) is the moment generating function of the five parameter type II generalized logistic distribution.

Similarly, the characteristic function of the five-parameter type II generalized logistic distribution is obtained as
BT (p+oit)I'(1- oir)
cI)x (1) = . 17)
L'(p)

4. THE CUMULANT GENERATING FUNCTION OF THE FIVE-PARAMETER TYPE II GENERALIZED
LOGISTIC DISTRIBUTION

The cumulant generating function is obtained from the moment generating function of the five-parameter type II generalized
logistic distribution given in equation (17). Without loss of generality, we assume U = Oand o=1.
LA T(p+)I(1-1)
M (1) = (18)
I'(p)

Taking the natural logarithm of equation (18), we have

InM (t) =—tinf —tlnA+Inl'(p+1)+Inl'(1-1)—Inl'(p) (19)

and the rth cumulant is given by

k(X)——[—t(ln,/)’+ln/1)],0+ [lnF(p+t)+lnF(1 Dl @

The second term on the right hand side of equation (20) is called di-gamma function.
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The series expansion of this function as given by Copson (1962) is

v (x)=(r-1)! (—l)ri(j+x)_r ,r>2 @1
j=0
and ’
()= (j+x" r=1 (22)
=0
where '
r=1 dr
y' ' (2) = ——[InT(z+1)] (23)
d'z
Therefore
k(X)==In(B+ )+ =DI=D| Y G+p) " +ED) Y G+D) T [ r22 (24)
=0 =0
and ' '
k(X)=—=In(B+ D)+ (+D)" =D (j+p) " r=1 (25)
j=0 j=0

Since the mean [/ is obtained when 7 = 1, the mean M of the five-parameter type II generalized logistic distribution is

obtained when 7 =1

i =—n(B+ )+ S G+ =S G+ p). )

=0 j=0

By noting that

i(j +w) = ij‘l, @7)
=0 j=w

we have the mean

I 0 o o -l
=B+ )+ > = =B+ )+ Y | Y=
j=1 j=p j=1 Jj=1 =1
Therefore
p-1
o =—ln(f+ )+ j" (28)
J=1

is the mean of the five-parameter type II generalized logistic distribution.

The second cumulant of the random variable X that has the five-parameter type II generalized logistic distribution is

ky(X)=D (j+p) 7+ (+D 29)
j=0 j=0

But

DG+w =2 (30)

J=0 j=w

Therefore

ky(X)=Dj7+> )7 G31)
j=p j=1
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o oo p-1
()= 77+ 207 =20
j=1 j=1 j=1

oo p-1
ky(X)=2> -7
j=1 j=1

Note that
p-1 s ”2
jT=
Jj=1 6
p-1 2 q-1
. T .
=== (32)
Jj=1 3 Jj=1
The variance of X is obtained as 0')2( = kz(X) - (kl(X))2 , hence
2 p-1 2
ol =?—Zj‘2— —In(B+)+Y " . (33)
j=1 j=1

The third cumulant of the random variable X that has the five-parameter type II generalized logistic distribution is

K (X) =217 S+ p + 1 SG+D7 o

=0 j=0

LX) =2) (+)7-2) (j+9)"

Jj=0

ky(X)= 22;'—3 —2ij—3.
Jj=1 j=q

Hence

oo —1 oo —1
ky(X)=2) i7"+ 2p2j‘3 2> 7= 2q2j‘3. (35)
j=1

Jj=1 j=1 Jj=1
Let f, = Oy and i = ky(X) =3k, (X )k, (X) +2(k,(X))”,

then the coefficient of skewness of the random variable X that has the five-parameter type II generalized logistic
distribution is

2
u

B(X)="5. (36)

2
The fourth cumulant of the random variable X that has the five-parameter type II generalized logistic distribution is

. —4 . —4

ky(X)=6/ D (j+)™ +D.(j+D) (37)

j=0 j=0

k,(X) :6ij‘4+6ij‘4

j=p Jj=1
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= 6i i —6PZ‘i it +6i jit= 1zi it —6pz_l it e
Jj=1 Jj=1 Jj=1

Jj=p J=1

Let g1, = k, (X)) =4k, (X Yk, (X )+ 6k, (k,(X))* =3(k,(X))*.

then the coefficient of kurtosis of the random variable X that has the five-parameter type II generalized logistic distribution is

B,(X) =%- (39)

2

5. THE MEDIAN OF THE FIVE-PARAMETER TYPE II GENERALIZED LOGISTIC DISTRIBUTION.

The median of a probability density function f(x) is apoint X,, on the real line which satisfies the equation
X
j " £ (x)dx =1/2. (40)

Since the integral is the cumulative distribution function of X, . It implies from equation (40) that

p,px
1—’8—6 =1/2. 41)
(A+ pe")”

P

- Y

A+ Pe”

pe’ p
————=41/2
A+ fe”

g Min
pa-%112)

g A2 )
median ﬁ(l—(/l/_Z) N

6. THE MODE OF THE FIVE-PARAMETER TYPE II GENERALIZED LOGISTIC DISTRIBUTION.

The mode of a probability density function is obtained by equating the derivative of the density function to zero and solve for
the variable. Therefore, for the five-parameter type Il generalized logistic distribution.

_ ApPre™
f(x,A,B,p)= Gt pey @3)

Using quotient rule of differential calculus, we have

A B p) = apgr| P A BN e (p+1)(A+ o) !
f(x ,B p) pﬂ ((/1+ﬁeX)p+1)2

(44)
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By equating the derivative to zero, we have

p(A+fe’)—(p+1)pe" =0. (45)
On simplifying equation (45), we have
x=In(Ap)—Inp. (46)

Equation (46) is the mode of the five parameter type II generalized logistic distribution.

7. CHARACTERIZATIONS OF THE FIVE-PARAMETER TYPE II GENERALIZED LOGISTIC DISTRIBUTION

In this section, we state and prove some theorems that relates the five-parameter type II generalized logistic distribution to some
other statistical distributions. For similar works on the characterization of distributions, see Olapade (2004).

Theorem 3.1: Let Y be a random variable that has a type Il generalized beta distribution with parameter A and P whose
density is given as
p-1

A y
;A p) = ,
SO = G, Gy (47)

(see Patil and Taillie 1994 when parameter g = 1) then the random variable

x= ln(%} (48)

has five parameter type II generalized logistic distribution.

Proof: If y has a type II generalized beta distribution given as

p-1

A y
A, p) =
T A ) = Gy

using transformation of random variable,

let x= ln(lj
s

then,

X y . . X
€ =-— implies y= ,36
B

differentiating with respect to X, we have

dy .,
dx—ﬂe.

p-1

y
B(p,1) (A+y)"!

Then f(y;/i, p) =

£ = ‘ﬂ £,00) @)
dx

op'e”

f(acﬂ,,&p)=(/1+&x)p+l,

—oco< x<oo, p, A, >0 (50)
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Theorem 3.2: Let Y be a continuously distributed random variable with probability density function fY . Then the random

variable
y
X =In| —— | has a five parameter type II generalized logistic distribution if ¥ follows an exponential distribution

p-e)

with parameter p > 0.

Proof: Suppose Y has an exponential distribution with parameter p , then

f(y;p)=pe”,y>0. (51)
Ae” pe*

YN implies that y:ln <
B1-e") A+ fe
dy A

dx A+ fe"

Therefore

_ pe”
S0= 7 g

which is the five-parameter type II generalized logistic density function.

Let x=1In and

—oo<x<oq f>0,4>0, p>0. (52

The case where ,B =1 in equation (52) correspond to extended type II generalized logistic distribution or negatively skewed

extended generalized logistic distribution of Olapade (2005), The case A= :B =1 in the equation (4) corresponds to the
type II generalized logistic distribution of Balakrishnan and Leung (1988) and Olapade (2002). As expected, the case
A= :B =p= 1 corresponds to the standard logistic density function given in the equation (2) .

8. CONCLUSION

In this article, we introduce the five parameter type II generalized logistic distribution. This is achieved by (the well known
technique) following the idea of the cumulative distribution function of the class of generalized logistic distributions. The
logistic distribution is quite flexible in analyzing data in place of several other logistic distributions. We provide a mathematical
treatment of the new distribution including expansions for the cumulative distribution function, moment generating function,
characteristic function,median, mode and proof theorems of distribution. The estimation of parameters is approached by the
method of distributional transformation (Jacobian transformation) technique. The new distribution could widely be applied on
data analysis and compared with other existing distributions that belong to the same family.
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