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ABSTRACT

In this work, a Susceptible-Exposed-Infected-Recovered- Susceptible (SEIRS) epidemic model with saturated incidence rate is
investigated considering the saturated terms for the infected individuals. We established the disease-free equilibrium and endemic
equilibrium states of the model. We also investigated the local and global stabilities of the disease free equilibrium using matrix

and lyapnnov function methods when the basis reproduction number, RO < 1. We proved that when RO > 1 the endemic state

is locally asymptotically stable. The results obtained are in agreement with existing results.

Key words: Reproductive Number, SEIRS, Saturated Incidence Rate.

CISDI Journal Reference Format

Kolawole, M.K. & Olayiwola, M.O. (2016): Behavioural Analysis of a SEIRS Epidemic Model with Saturated Incidence Rate Considering the
Saturation Term for the Infected Individual. Computing, Information Systems, Development Informatics & Allied Research Journal. Vol 7 No
3. Pp 47-62. Available online at www.cisdijournal.net

1. INTRODUCTION

Mathematical models can give us good understanding of how infectious diseases spread, discover general principles governing
the transmission dynamics of the diseases and identify more importance and sensitive parameters to make reliable predictions and
provide useful control strategies and guidance.

Several authors have worked in this area . Zhang et.al, [1] considered SEIR with saturating contact rate. Greenhalgh [2], Liu [3]
discussed dynamical behavior of epidemiological models with nonlinear incidence rates. Li and Muldowney [4] and Liu et.al. [5]
studied the global dynamics of the SEIR models with a non-linear incidence rate and with a standard incidence, respectively. .
Greenhalgh [6] considered SEIR models that incorporate density dependence in the death rate.

Hethcote and Tudor [7] studied endemic infectious disease models for which infection conferred permanent immunity with no
disease-related mortality but with vaccination. The infectious period had a general distribution. Hethcote [8] discussed disease
transmission models with density-dependent demographics. They also considered SIS and SIRS models with a standard

ASIT

incidence , where N is the total number of individuals., Li et al.[9] analyzed the global dynamics of a SEIR model with

vertical transmission and a bilinear incidence.

In [10], Korobeinikov considers the global properties for SEIR and SEIS by means of Lyapunov functions. Li and Jin [11]
considered the global stability of the SEI and SEIR model with infectious force in latent and infected period with non permanent
immunity.

Cooke and van den Driessche [12] studied bifurcations in models of the SEIRS type with density dependent contact rate and
death rate with delays. Li, Graef et.al, [13] studied a SEIR model for the transmission of an infectious disease that spreads in a

population through direct contact of the hosts. The force of infection is of proportionate mixing type.

In a recent paper, Kuniya and Nakata [14] studied the long time behavior of a nonautonomous SEIRS epidemic model. They
obtained new sufficient conditions for the permanence (uniform persistence) and extinction of infectious population of the model.
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RecentlyKolawole and Olayiwola [15] studied numerical simulation on the effect of saturation terms on the susceptible
individual in SEIRS Epidemic Model using the variational iteration method.

In this paper, we extend the work done by Kuniya and Nakata [14] to include saturated incidence rate. We present our result in
form of basic reproduction number and theorems are used to prove the local and global stabilities of the disease free equilibrium.

A population of size N () is partitioned into subclasses of individuals who are susceptible, exposed (infected but not yet
infectious) infectious and recovered with sizes denoted by S(f) , E(¢) , I(t) and R(t) respectively. The sum

E(t)+ I(t) is the total infected population. If is assumed that all immigrant individuals are susceptible and vertical

transmission can be assumed to acquire temporary immunity in which recovered individual goes back to the susceptible class
again.

2. KUNIYA AND NAKATA MODEL

Kuniya and Nakata (2012) considered a nonautonomous SEIRS epidemic model as below:

%:A—[)’SI—MS+6R
EWD _ o1~ (u+e)E
di "
m=€E—(,u+r)l
di
RO _\p(u+ )R
dr ]

The parameter A(z) > O is the birth rate, ﬂ (t) > 0 is the disease transmission coefficient, (2 ) > 0 is the mortality/death
rate, £(¢) > 0 is the rate of developing infectivity, 7(t ) > O is the recovery rate, 0 () > 0O is the rate of losing immunity,

with initial value

SO=0EO0=010=0R0O) =0

where
S@® - is the size of susceptible population
E@) - is the exposed (not infections but infected) population
I®v - is the infectious population
Rt - is the recovered population at time = { respectively
A e is the birth rate
N is the disease transmission coefficient
0o the mortality
N the rate of developing infectivity
Yy - the recovery rate
. J— the rate of losing immunity at time t

BsI

Considering the above autonomous system (1) we present a SEIRS epidemic model using 1+ myS +mol as the incidence rate.

Where ] > 0 and M2 > 0 are saturation terms to the susceptible and infected individual respectively. The proposed

model is as below:
We extend Kuniya and Nakata model (2012) by incorporating an incidence rate which include saturation terms 772, and 11,

48



Computing, Information Systems, Development Informatics & Allied Research Journal

mw
v Ourna Vol. 7 No. 3, September, 2016 - www.cisdijournal.net

Our new model is as follows::

B oA psI — uS + SR
dt l+mS +mpl

E 1

d = pS -(u+ée)E
dt 1+mlS+m21

dl

JZSE—(,U“‘V)I @)
dR

— =yl - (i +5)R)

dt

where

my and my are saturation terms to the susceptible and infected individuals respectively. It is also the parameter that measures
the sociological and psychological effects of disease in the model. In this research work, the effect of saturation term to the
infected individual m;, is considered. i.e when m; =0 jhence the new model is shown below

b B

dt 1+m21

d_E:ﬂ_(’u_Fg)E

dt  1+myl

dl

Eng_('LH 2l 3
dR

— =Y —(u+9J)R

dt ]

3. METHOD OF SOLUTION- EQUILIBRIUM / CRITICAL POINTS:

At the equilibrum, gas = dE = da = aRr =0
dt dr dt dt 4)

Equation (3) becomes

/\—ﬂ—ﬂS+éR:O
1+m,1
2
ﬂ—(ﬂ+8)E=0 5)
I+m,I
EE—(u+y)I1=0
A—(+6)R=0
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From equation (5);

A =(u+0)R )

hence
From equations (5) and (6)° we obtained

R=0or S e+ (y+my(i+6)R)

eyp
)
1=(”+§j(0):0 S 1=0
y
o BEPWHO) (o . E=0 ®)
ey

A-uS=0 . s=2

U

Therefore; for disease free equilibrium; ( DFE) = (S0 JEC 1. R? )=( Al ,0,0,0)
U

9)
For the endemic equilibrium I # O equation (5) implies that

L[ WrOR o (et Ny +m,(u+OR)
Y g}ﬁ
/\-ﬁ((ﬂ+€)(ﬂ+ 7)(7+m2(,u+§)R)j((lu+5)JR
&P 7 1+m2(ﬂ;;§JR

plu+e)p+ ly+mu+OR) o o
ey

If
a, =—y(u+ &)+ )+ 8 my — u(u+e)u+y)(u+8) m; +m,o(u+9J)
ay==(u+ &)W+ YN+ 0)y* =27 u(u+ )+ y)(p+8)*m,

ag =Y A=Y Ui+ E)H+7)
(11)

Then we obtained

—a,—+a,’ —4a,a
* 1 1 270
R .=

B 2a,

. —a +\/a12 —4a,a, e (12)
R, =

2a,

Substituting R];k or R2* into equation (5) gives the endemic equilibrium points which are

(S,E,LR)=(S",E",I",R")
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_ ey tpyrent —nPetp’ g
U(PEY + uf +m ey + Py + m, ey +
Mo pyS +mypu’ + Bue + o u*S+m,eu’
+Bu’+um, + Boe +m,eud

QU>Y e+ 1>y + 1> + myuyd n€+mu’d
ANE+MEUS N+m P Y NE+mMLET U A+
m,e YW AU y+2ute+utS+eiu’ +
QUPYS + AU Ey + YO+ 27y + 21 S¢
+EUPSHBUYOE +EUY S + X UYS +
- My’ AE+m,E U A 1
(U(Bey + P +me+ 8+ Y0 +m,euy + m,u’y+
Bue + o +m > +myen’ + fu’ +mu’ + Boe
+m,EUO )E)

*

SN ey — e —APE+p”) e
U(Pey + P + m,ey0 + Py + m,euy + m,uyd +
mo iy + Bue + o +mo P +mygn’ + fu’ +mou’
+ BOe + m,Eud )€

- —(u+0)euy + 1’y +eu’ —APe+u’) _
(u(Pey + ppf +m,eyd)+ yBo + m,euy + m,uyd + fue +
Lo +m,u*s
+m U’ +myu’ + BOE +m,EUS)

4. DERIVATION OF RO USING THE NEXT GENERATION MATRIX

. . . -1
Let G be a next generation matrix. It comprises of two parts Fand V'~ where

F= l:afz(xo):l
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Fi is the new infections, while the Vi are transfers of infections from one compartment to another. X o 1s the disease free

equilibrium state.

Ro is the dominant Eigen value of the matrix
G=FV~' (16)

To calculate the R, using (14) where G is the next generation matrix for the SEIRS model in Equation (13)
Using E and I compartment of the model. Thus

dE__pSI
dr I+myl (u+e)k
dl
o eE—(u+pl an
A 0 (u+e)
F= H and V= (18)
0 0 wu+y -¢
The inverse of V is obtained as
V_1 _ -1 [ —€ (lu + g)j
(w+yu+e)\-u+y 0 9
and
s £ (1+¢)
G=rv-l= (u+y(u+e) (u+ry(u+e)
H+y 0 (20)
U+ y)(u+e)

The characteristic equation of matrix G above is;

|G- a1]=0 @1)

The dominant eigenvalue is our Ro therefore,

BAe
RO:
MU+ Y+ E)

(22)
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5. LOCAL STABILITY OF DISEASE FREE EQUILIBRIUM

The system of equation (3) was linearised by setting

S-S5, =x,E=E,I=LLR=R (23)
Which implies;
dx :
o —ux — 3S,I + OR + non - linear terrms
dE :
o —(u+€)E + BS,1 + non - linear terrms
t
dl (24
—=&E-(u+pl
dt
dR
—=U-(U+O)R
dt J
Therefore the resulting characteristic equation is |4 — if | = 0i.e
U
A
0 —(u+e)-A ’87 0 =0 (25)
0 € —(u+y)-2 0
0 0 y —(u+06)-4
By factorization and noting that
NE
PAE_ sy u+ R,
U
(26)
Then,
(e + AN+ 6)+ AN +Qu+ e+ P)A+ plp+y)+ elu+7) =R, (u+ 7N +e)]=0
(u+ A+ 8)+ A\ +u+e+P)A+(u+yu+e)li-R,)|=0 @7
The solution of equation (27) gives
e y 1 e y 1
Ae=pt Ay =—(u+8). 4 =—u-S-Ly-pD A =-p-S-2L__ D (28)
1 H, A, (:U ) 3 H R 4 H 2 2 9
Where
Do |2 2 2
—\/5 —2yE+y- +4uy R0 +4u€R0 +4;¢zR0 +4;€R0 (29)

Now Since £ >0, £€>0, >0, O >0, andif Ry <1, it follows that /11’ /12’ /13 and /7'4 are all negative,

hence the disease — free equilibrium is asymptotically stable.

53



msm]gurna Computing, Information Systems, Development Informatics & Allied Research Journal
vVMILIME Vol. 7 No. 3, September, 2016 - www.cisdijournal.net

Furthermore, if {1 > 0, €>0, Y > 0, 0 >0 and R0=1
Equation (27) becomes

(,u+/1) (x+08)+ 1) l/12+(2,u+6+7)/1J=0 (30)
— = Ay ==+ ) wa X +Qu+e+y)A o
A3 =0, a2, =-Qu+e+y)

(31)

Since ﬂq = O, meaning all the eigenvalues are not all negative, the result follows immediately that the disease-free equilibrium

is unstable when RO =1

Alsoif 4 > 0, €>0, y > 0, 0 >0 and RO > 1, then from equation (27)
(u+ AN+ 8)+ MZ +@u+e+ A+ (u+ y)u+eli-R,)|=0
(32)

It follows that
ﬂ'l =—U, /12 = —(ﬂ +0 ) , the resulting quadratic equation is

2 +Qu+e+y)A+(u+y)u+e)i-Rr,)=0
(33)

So by Descartes’ rule of signs

2 +Qu+e+yA+(u+y)u+rell-R)=0
(34)
Ifu>0, €>0, >0, d>0and Ry >1,

Clearly, there is only one sign change, which implies we have at least one positive root i.e. not all eigenvalues are negative.
Also if we replace A by (— ﬂ,) and if

RO >1, ,U>0, >0, 7>0 in Equation (27) gives,
(A +@u+e+ )=+ (u+ ) u+e)l1-Ry)=0
B —Qu+e+y)A—(u+y)u+e)Ry-1)=0

(35)

Again there is exactly one sign change, which implies that one of the eigenvalues is positive and so not all eigenvalues are

A
negatives, hence the disease free equilibrium (S 1 E 1 1 1> R 1 ) = (— ,0,0,0 | is unstable
u
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6. GLOBAL STABILITY OF THE DISEASE FREE EQUILIBRIUM

Consider the lyapunov function defined thus

L = (u+ &) +€E (u+e)u+yp) (36)
L - (u+el' +eE' =(u+e)eE—(u+pi]+e ﬂ—(ﬂ+€)E 37)
1+m,l
) A
At disease free S =—and I > O then:
7
L'= (u+eu+yp) _ R 4 (38)
(1+my1)

Nowif I =0and RO < 1 ensures that L1 =0
Also I > Oensures that Ll <0

R
VO_1<O and Ry—M <0 hence Ry <M

Also
L'=0if1=0 (39)
Hence the disease free equilibrium is globally asymptotically stable

7. LOCAL STABILITY OF THE ENDEMIC EQUILIBRIUM

Let S=S =wE-E =x,]-1"=y,R—R¢=7 (40)
dS _dw dE _dx dI _dy dR _dz

dt dr’dr dtdt dt’ dr dt

(41)

Hence

The linearized equations are as follows:
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d 3k * * * * i
L4y = o S 2 4 ot

non linear terms+ constant terms

dx * %2 * 3 %
E:('BI =B my)w+(BS =285 myl )y—(u+€x+
non linear terms+ constant terms
(42)
dy .
? =& —(U+y)y+non linear terms+ constant terms
t

dz .
— =% —(U+ )z + non linear terms+ constant terms

dt

Equation (42) is equivalent to;

N (A +B -y 0 BST+2BS mIYy S

W w
1 * %2 * * *

xl Bl =Bl my—p) —(u+e) (B 265 m") 0 x +non linear terms (43)
y 0 £ -(u+y 0 y

z! 0 0 4 —(U+o)\2

Let f(A) = A - A3ﬂ3 - A4/12 —AsA— A =0, then (S*,E*,I",R ) is locally asymptotically stable
if A;<0,4, <0,45 <0,4, <0

The Jacobian matrix of above equation is

B +B my—py 0 (=SB mI) S

. Bl =Bl"m) —(u+e) LS -285"mI" 0
A = (44)
0 £ —(u+y) 0
0 0 /4 —(u+9)

Therefore the characteristics equation is

A =A=0
(45)
k k k k k
(Bl + Bl my =) = 2 0 (=S~ +2f5 myl) )
* * * %2 *
Bl + I ms) —(u+e)—-A pS =288 my1 0 -0 46)
0 £ —(u+y-A1 0
0 0 /4 —(u+0)—-1

Evaluating (46) and let A, = —587(,67* +ﬂ1*2m2l A= (—ﬁl* +ﬁ1*m2 ), A= ﬂS* —ZﬁS*m2I*. 47)

56



msm]@urnal Computing, Information Systems, Development Informatics & Allied Research Journal
vYMITIME Vol. 7 No. 3, September, 2016 - www.cisdijournal.net

Ay —lu+ o)+ /1(— (e + 71+ D=+ 7) + (A, = D) - e(BS™ =258 'm, 1 ){750 +(A - ﬂ)D

A, —((,u+§)+/1) {— ((,u+e)+/1)[— U+PA +(Uu+y+ Al)ﬂ—)fAO—‘z}—AzAl +A2/1ﬂ=0 (48)
&y

Expanding, factorizing and re-arranging gives,

(,U+€)(#+7’+A1)+A2(,U+€)—(ﬂ+7)Al
/14—(;/+A1—8+A2—(,u+5)/14— A A /12

02
£76 - A2A1 +(U+0)(y+ A1 -+ A2
AOA2
ﬂ—(—(,u+§)(,u+g)(,u+}/)A1 - (,u+g)(,u+§)—A2A1(,u+g)(y+5)+A0):0 (49)
Yo

Also by Descartes rule of signs,

Ay =y+A —€+A, —(u+9)<0

_ 3 CAA 3
Ay = | (UHEU+Y+A)+ A (U+E)—(U+ DA 75 A2A1+(,u+§)(7/+A1 £+A4A,) <0

A
A;);/; —(U+8) = Ay A (UH E)NU+B) U+ E U+ T+ A+ AU+ O)U+E) | (50)

Let, As :[— (U+eu+nA -

A
—(U+0)(u+pA —A;’y; —(,U+<9)—(,U+5)Azz41]<0

Aoy (ﬂ+€)(/l+5)—AzA1(#+€)(/l+5)+Aoj<0

A6 =(—(ﬂ+5)(/l+8)(ﬂ+ A — e

Then Equation (49) becomes
f(/1)=/14—A3/13—A4/12—A5/1—A6:0 1)

Let A; <0,A, <0,As <0,As <0 inequation (51), then, f (A)have no change in sign meaning there are no positive roots

of £(A).

Alsoif Ais replaced by — Ain equation (51), gives

_ 4 3 002 .
fA)=2 +A3/1 A4/1 A5/1 A6—0 (52)
soif A; <0,A, <0,A5 <0.A; <0 in equation (52) f(—A) have four sign changes which implies that there are exactly four

negative roots of f'(—A), since there are no positive roots for.

A; <0,A, <0,A5 <0.Ag <0 .Therefore since all eigenvalues are negative then the endemic or disease equilibrium is locally
asymptotically stable if A3 <0,A4, <0, A5 <0.4; <0
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8. DISCUSSION OF RESULTS

Fig 1: reveals the asymptotic stability of the disease free equilibrium if Ro <1, m; = 0 and m, = 0.1
£ =0.0005,1£=0.3,A=50,7=0.1,0 =0.05,£ =0.25. 1t is also observed that susceptible class increases while the

exposed and the infected classes reduce with few individuals recovered. This shows the effect of 71, provided

R, <1 and f3 < 0.00528

Note: RO =1 implies

Bre _
uu+e)u+y)

Therefore
g Mutepty) _
= =5
NE
Soif B< B, (orR, <1) leads to disease eradication

Fig 2: The simulation result reveals the unstable nature of disease free equilibrium at RO > 1, m = 0.m2 =0.2
,B =0.19, M= 0.3,A =50, Y= 0.1, o= 0.05, & =0.25. It is observed that the susceptible class reduces while the exposed

and the infected classes increase with few individuals recovered. This shows the effect of #1, since

R, >1 and Bis>0.00528

Fig 3: The simulation result reveals the a slight stability nature of disease free equilibrium at RO > 1, m = 0.m2 =03
,B = 0.19,# =0.3,A =50, Y= 0.1, o= 0.05,6=0.25 . It is observed that the susceptible class begins to increase

gradually more than other classes because #, has increased to 0.3. This shows the effect of 1, since

R, >1 and Bis>0.00528

Fig 4: Parameters set at m, = 0.5 and R, > 1 and m; = 0 and ,5 =0.19 to test the effect of m, with other
parameters fixed. We observed that the exposed and the infected classes are decreasing while susceptible class is increasing and

better number of individual recovered. This also shown little stability nature of the disease free equilibrium when 771, increases

0 0.5 because the susceptible class increases more than other classes.

Fig 5: Parameters set at m, =0.9 and Ry, >1and m;, =0 and B=0.19 to test the effect of m, with other
parameters fixed. It was observed that susceptible class increases while exposed and infected classes reduced with large number

of individuals recovered. This shows the asymptotic stability nature of disease free equilibrium at m1, = 0.9 despite R, > 1.
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Fig I: Graph of Susceptible (3), Infected (1), Exposed (E) and Fecovered (B} class
against Time (f) with f=0.0003, p=0.3, A=30, v=0.1, &=0.03_=0.23,
my=0.Ry<1 with m,=10.1
T4 .
610
ELRS Sk
—-—FR
5

—n -

10

Fig 2: Graph of Susceptible (8), Infected (I), Exposed (E) and Recovered (R) class

against Time () with B=0.12, u=0.3, A=30, y=0.1, 5=0.05.2=0.23.
my=0,Ry>1 with m, =02
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EILRS
a

Fig 3: Graph of Susceptible (3), Infected (1), Exposed (E) and Fecovered (B} class
against Time () with [=0.1%9, p=0.3, A=30, y=0.1, &=0.05£=0.23,
my=0,Ry>1 with m,=023

EILRS

Fig 4: Graph of Susceptible (8), Infected (I), Exposed (E) and Recovered (R) class
against Time (f) with (=019, p=0.3, A=30, y=0.1, &=0.05,2=0.23,
my=0,Ry>1 with m,=025
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Fig 3: Graph of Susceptible (3), Infected (1), Exposed (E) and Fecovered (B} class
against Time () with [=0.1%9, p=0.3, A=30, y=0.1, &=0.05£=0.23,
my=0,Ry>1 with m, =09

9. CONCLUSION

The simulation results show that saturation term for the infected individual play vital role in disease eradication for R0 <1 and

R0 >1 .The higher the saturation term m, , the better stability of disease free equilibrium, hence the disease will be

eradicated from the population. Therefore infected people in a population should be given better orientation about the treatment
of a particular disease in terms of seminars, conferences, public awareness and others for better eradication.

61



i
b

rna Computing, Information Systems, Development Informatics & Allied Research Journal
vittvl Vol. 7 No. 3, September, 2016 - www.cisdijournal.net

REFERENCES

(1]
(2]
(3]

(4]
(3]

(6]
(7]
(8]
(9]
(10]
[11]

(12]
(13]

[14]

[15]

.Zhang J et al (2003): Global dynamic of SEIR epidemic model with saturating contact rate. Math Biosci.; 185, pp (15—
32).

Greenhalgh D (1992): Some results for a SEIR epidemic model with density dependence in the death rate. IMA J Math
Appl Med Biol. 9, pp (67).

Liu W-M, Hethcote H.W, Levin S.A (1987): Dynamical behavior of epidemiological models with non linear incidence
rate. J. Math Biol. ;25: pp (359-380).

Li MY, Muldowney J.S (1995): Global stability for the SEIR model in epidemiology. Math. Biosci. 125 pp (155-564).
Liu W-M, Hethcote H.W, Levin S.A (1987): Dynamical behavior of epidemiological models with non linear incidence
rate. J. Math Biol. ;25: pp (359-380).

Greenhalgh D. (1997): Hopf bifurcation in epidemic models with a latent period and Non permanent immunity. Math.
Comput. Model; 25, pp (85).

H.W. Hethcote, D.W. Tudor (1980): Integral equations models for endemic infectious disease. J. Math. Biol.vol 9 pp (37-
47).

Hethcote, H.W. (1994): A thousand and one epidemic models. Frontiers in Mathematics Biology, Speinger-Verlag, pp
(504-515).

Li M.Y., Graef. J. R., Wnag, L.C. and Karsai, J. (1991): Global dynamics of a SEIR model with a varying total population
size. Math Biosic. 160, pp (199-213).

Korobeinikov, A. (2004): Lyapunov functions and global properties for SEIR and SEIS epidemic models. Mathematical
Medicine and Biology, 21, pp (75-83).

Li G, Jin Z. (2005): Global stability of an SEIR epidemic model with infectious force in latent infected and immune
period. Chaos, Solitons & Fractals 25, pp (1177-1184).

Cooke K, Van den Driessche P. (1996): Analysis of an SEIRS epidemic model with two delays. J. Math Biol.35, pp (240).
Li M.Y., Graef. J. R., Wnag, L.C. and Karsai, J. (1991): Global dynamics of a SEIR model with a varying total population
size. Math Biosic. 160, pp (199-213).

T. Kuniya, Y. Nakata. (2012): Permanence and extinction for a nonautonomous SEIRS epidemic model. Applied
Mathematics and Computations, vol. 218 (18), pp (9321-9331).

Kolawole M.K, Olayiwola M.0.(2016): On the Numerical Effect of Saturation Terms on the Susceptible Individual in
Susceptible-Exposed-Infected-Recovered- Susceptible (SEIRS) Epidemic Model..Computing, information
Systems,Development Informatics & Allied Journal Vol 7 No 2, pp 83-90.

62



