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ABSTRACT 
 
Undergraduate mathematics majors frequently demonstrate strong procedural skills in solving 
equations, applying formulas, and manipulating symbolic expressions. However, research has 
shown that these students struggle in the area of transition from procedural fluency to the 
construction of mathematical proofs. This quasi-experimental study employed a non-equivalent 
control group, pre-test/post-test design to examine the relationship between procedural fluency 
and proof construction ability in 180 second-year mathematics majors across six Nigerian 
universities in the south-west region. The experimental group (n = 120) received a twelve-weeks 
scaffolded intervention (proof templates, guided inquiry, peer critique, metacognitive 
questioning); the comparison group (n = 60) received conventional instruction. Baseline scores 
showed strong procedural fluency (experimental: M = 82.0%, SD = 11.2; comparison: M = 80.4%, 
SD = 10.8) but poor proof construction (experimental: M = 38.0%, SD = 14.8; comparison: 
M = 37.2%, SD = 14.1). No significant baseline differences existed between groups (procedural: 
t(178)=0.92, p = .36; proof: t(178)=0.35, p = .73). A moderate positive correlation between 
procedural fluency and proof construction was found (r = .48, p < .01). Following the intervention, 
the experimental group demonstrated statistically significantly greater improvement in proof 
construction than the comparison group (F(1, 177) = 34.28, p < .001, partial η² = .16). The 
scaffolded intervention revealed a significant effect compared to conventional instruction alone. 
These findings suggest that instructional design can address the gap between procedural fluency 
and proof-based reasoning, though causal claims require randomised designs. 
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I. INTRODUCTION 
 
Proof has occupied a central position in academic mathematics since the early twentieth century. 
Unlike the empirical sciences, mathematics does not rely on repeated observation or probabilistic 
generalisation.  It demands logical necessity: a proposition is accepted as true because it must be 
true, not because it appears to be true in observed cases.  
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Proofs require deliberate logical construction rather than empirical verification (Weber, 2021). 
Undergraduate students entering proof-intensive courses are generally believed to possess strong 
procedural skills. However, their capacity for deductive coordination is frequently weak. This 
contrast has been documented across a wide range of educational contexts (Ho, 2020; Selden & 
Selden, 2013). While the ability to prove general propositions presents significant challenges for 
students, procedural and deductive understanding appear to draw on related yet distinct forms of 
mathematical knowledge. 
 
Procedural fluency, defined as the correct, efficient, and flexible execution of algorithms, 
represents the operational dimension of mathematical competence (Kilpatrick et al., 2001; 
Foster, 2018). Students who are proficient in procedural tasks can expand expressions, solve 
equations, and perform symbolic manipulations with accuracy. Empirical studies have 
demonstrated that students can execute algorithms effectively while remaining unable to 
construct a general proof (Faulkner et al., 2023; Ho, 2020). While procedural skill contributes to 
problem-solving capacity, it does not necessarily imply a capacity for inferential coherence 
(Weber, 2021). The relationship, where documented, is positive but typically moderate (r ≈ .40-
.50).  
 
A discontinuity frequently exists between the execution of algorithms and the construction of 
general proofs. Research on mathematical induction illustrates this tension clearly. Annurwanda 
and Friantini (2022) demonstrated that successful induction proofs require more than symbolic 
mastery; they demand the coordination of generality and logical presentation. Norton et al. 
(2022) characterised this as a cognitive gap, noting that students often perform the algebraic 
steps of a proof correctly while failing to grasp the inferential significance of the induction 
hypothesis. The challenge extends beyond specific proof techniques. Mukuka and Tatira (2025), 
employing Toulmin's argumentation scheme, identified poor warrant articulation among 
mathematics majors: students could make mathematical claims but struggled to provide 
adequate justifications.  
 
Cooley et al. (2024) proposed the PRIUM framework, which shifts the focus from algebraic 
correctness to structural understanding, emphasising the ability to comprehend how each step 
contributes to the overall argument. The distinction between novice and expert approaches to 
proof is also relevant. Inglis and Alcock (2012) found that novices focus on local symbol 
manipulation, checking individual lines for algebraic errors, while experts attend to global 
coherence, evaluating whether the overall argument holds together. Setianingsih et al. (2025) 
found that epistemic actions in geometric proof depend on students' interpretation of the 
structural elements of a proof, suggesting that proof competence requires a fundamental shift in 
how mathematical text is read and understood. Instructional approaches have shown promise in 
addressing some of these challenges. Realistic Mathematics Education has been effective in 
improving procedural fluency and mathematical disposition (Nuraida et al., 2019; Fathina, Azizah, 
& Sarian 2025), although its effect on formal proof development remains understudied.  
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Foster (2018) identified the phenomenon of procedural isolation, in which students can perform 
mathematical operations but cannot explain the reasoning underlying them. Tuazon (2025) 
demonstrated that progressivist instructional models can improve both conceptual understanding 
and student attitudes, while Firdaus and Mukhtar (2025) showed that discourse-centred learning 
can connect conceptual and procedural understanding in multivariable calculus. However, Andal 
and Andrade (2022) found that procedural fluency alone is insufficient to guarantee adaptive 
reasoning in open-ended tasks. Several converging themes have emerged cross these studies.  
 
First, procedural fluency is necessary for mathematical competence but insufficient for deductive 
reasoning. Second, proof comprehension is linked to structural understanding, strong warrant 
articulation, and students' epistemic beliefs about the nature of mathematics. Third, while 
instructional designs that emphasise reasoning and dialogue show promise, the empirical 
relationship between such interventions and the development of proof skills remains an emerging 
line of inquiry. Critically, many of these studies lack comparison groups, making it difficult to 
attribute observed improvements specifically to the intervention rather than to other concurrent 
factors such as course exposure and maturation. 
 
Despite the growing body of literature examining procedural fluency and proof comprehension 
separately, relatively few studies have employed quasi-experimental designs with comparison 
conditions to investigate this transition, nor have they evaluated the efficacy of a structured, 
scaffolded intervention designed to bridge this gap, particularly in sub-Saharan African 
educational contexts. The present study addresses these gaps by employing a quasi-experimental 
design with both an experimental and comparison group. APOS theory guided the intervention 
design (Dubinsky & McDonald, 2001). which provides a framework for understanding learners' 
progression from procedural actions to coherent conceptual structures. 
 
Research Questions 
 RQ1: What is the relationship between procedural fluency and proof construction 

performance among second-year mathematics majors? 
 RQ2: To what extent does a scaffolded instructional intervention improve proof 

construction performance compared to conventional instruction? 
 RQ3: How does student performance vary across different proof types following the 

intervention? 
 
2. LITERATURE REVIEW 
 
2.1 Procedural Fluency and Its Limitations 
Procedural fluency is defined as the ability to carry out mathematical procedures correctly, 
efficiently, and with appropriate flexibility (Kilpatrick et al., 2001). Research has consistently 
documented that many students demonstrate strong procedural competence. Schulz (2023) 
examined student teachers' procedural fluency with natural and rational numbers and found 
generally strong performance, though approaches to procedural tasks varied considerably across 
participants.  
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Faulkner et al. (2021) reported that following a curriculum change, students maintained strong 
procedural fluency but showed no significant improvement in problem-solving depth. However, 
the evidence consistently demonstrates that procedural fluency alone does not support the full 
range of mathematical reasoning required for proof construction. Ho (2020) argued that 
conceptual understanding and procedural skills are distinct competencies that must be 
integrated for effective problem-solving. Weber (2021) explicitly addressed the relationship 
between procedural fluency and proof, concluding that procedural knowledge can support proof 
construction but does not guarantee it. The relationship between these competencies is 
moderate and layered: procedural skill provides a foundation, but additional cognitive resources 
are required for deductive reasoning.  
 
The manner in which individuals process mathematical proof varies significantly with expertise. 
Inglis and Alcock (2012) demonstrated that experts attend to global coherence, while novices 
focus on local features such as specific lines or algebraic errors. This distinction has implications 
for proof instruction, as it suggests that students need to develop a capacity for structural reading 
that goes beyond line-by-line verification. Students' epistemological beliefs also play a significant 
role. Solomon (2006) argued that when students understand mathematics as a rule-based 
discipline transmitted by authority, proof becomes merely another set of rules to memorise rather 
than a form of reasoning to develop. This belief structure may constrain student engagement with 
proof more significantly than is commonly recognised. Mukuka and Tatira (2025), applying the 
Toulmin model, showed that most mathematics majors can articulate mathematical claims but 
frequently struggle to provide adequate warrants and justifications. The transition from assertion 
to justified argument remains a significant cognitive hurdle. 
 
Mathematical induction presents a particularly instructive case. Annurwanda and Friantini (2022) 
showed that successful induction proofs require the coordination of procedural fluency and 
creative insight, a combination that students find difficult to develop. Norton et al. (2022) found 
that students often struggle with the algebraic demands of the inductive step and fail to 
recognise the logical significance of the induction hypothesis as a tool for establishing the general 
case. The recursive nature of induction adds a layer of complexity that distinguishes it from other 
proof types. Students' epistemological orientations further complicate proof learning. Setianingsih 
et al. (2025) found that epistemic actions in geometric proof are closely tied to students' 
interpretation of proof structure, reinforcing the view that proof competence requires a shift in 
how mathematical knowledge is understood and engaged with. 
 
2.2 Instructional Approaches to Bridging the Gap 
 
Instructional design has consistently emerged as a critical factor in supporting students' transition 
from procedural competence to proof-based reasoning. Realistic Mathematics Education has 
been revealed to improve procedural fluency and mathematical motivation (Fathina, Azizah, & 
Sarian 2025; Nuraida et al., 2019). However, the evidence for RME's effectiveness in developing 
formal proof skills is limited, as most studies in this tradition have focused on procedural and 
conceptual outcomes rather than on deductive argumentation.  
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Foster (2018) highlighted the importance of fluency development but pointed out that, it must be 
connected to meaningful reasoning to avoid the problem of procedural isolation. Andal and 
Andrade (2022) demonstrated that adaptive reasoning requires more than algorithmic practice, 
highlighting the importance of integrating procedural and conceptual instruction. Evidence from 
progressivist and discourse-based instructional models is encouraging. Tuazon (2025) found that 
progressivist methods ((e.g., inquiry-based learning, student-led discovery, minimal direct 
instruction) improved both understanding and attitudes toward mathematics. Firdaus and 
Mukhtar (2025) also stressed that restructuring multivariable calculus instruction around 
mathematical discourse improved both procedural and conceptual outcomes simultaneously. 
 
2.3 Synthesis and Identification of the Research Gap 
The reviewed literature yielded three convergent conclusions. First, procedural fluency is 
necessary but insufficient for supporting deductive reasoning in proof construction. Second, proof 
comprehension is linked to structural reading ability, strong warrant articulation, and the 
epistemic perspectives that students hold about the nature of mathematics. Third, instructional 
designs that emphasise reasoning, dialogue, and structural awareness show promise, though 
empirical evidence linking such designs to measurable improvement in proof construction 
remains limited. The present study contributes to this emerging line of inquiry by quantitatively 
examining the role of procedural fluency in proof construction and evaluating whether a 
scaffolded instructional intervention can enhance deductive skills measurably. 
 
2.4 Theoretical Framework 
Understanding how undergraduate students learn to construct and comprehend mathematical 
proofs is deeply rooted in broader learning theories that explain how individuals acquire abstract, 
formal knowledge. This study is anchored on a theoretical perspective that offer insight into how 
undergraduate students transition from procedural fluency to formal proof-based reasoning: 
(Action–Process–Object–Schema), APOS Theory (Dubinsky & McDonald, 2001). The framework 
provides a lens to understand the cognitive and developmental processes involved in learning 
advanced mathematical reasoning, and guided this study to examine how scaffolded instructional 
intervention can support students' cognitive development, as well as bridge the gap between 
doing mathematics and understanding mathematics. 
 
APOS theory links the construction of mathematical knowledge to the process of reflective 
abstraction.  According to this theory, learners progress from the execution of procedures toward 
the construction of coherent mathematical arguments through four interrelated stages: Action, 
Process, Object, and Schema: 

 Action: performing explicit mathematical procedures (e.g., solving an equation). 
 Process: internalizing those actions to manipulate them mentally. 
 Object: encapsulating a process into a coherent, manipulable unit of thought. 
 Schema: integrating various objects into a general mental structure for solving problems 

and reasoning. 
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In proof-based reasoning, many students remain at the action or process level, using familiar 
algorithms but struggling to conceptualize broader structures or justify their steps. The APOS 
model helps educators and researchers identify where students are, in their cognitive 
development and design interventions to facilitate progress toward the object and schema levels, 
a critical goal of advanced mathematical instruction. The scaffolded proof templates (Appendix A) 
were designed to support students at the Action level by externalising proof structure. The gradual 
fading procedure aimed to facilitate transition to the Process level, where students internalise the 
proof structure. Collaborative critique sessions were intended to support Object-level 
engagement, wherein students manipulate proof structures as whole entities.  
 
3. METHOD 
 
3.1 Design 
This study employed a quasi-experimental pre-test/post-test design with two groups: an 
experimental group that received the scaffolded instructional intervention and a comparison 
group that received conventional instruction covering the same mathematical content, 
(non-equivalent control group). The inclusion of a comparison group addresses a common 
limitation identified in the proof education literature, namely the difficulty of distinguishing 
intervention effects from concurrent influences such as maturation, course exposure, and 
assessment familiarity. While the quasi-experimental design does not permit the level of causal 
inference afforded by true random assignment, the comparison group provides a meaningful 
benchmark against which to evaluate the intervention's effects.  
 
3.2 Participants 
Participants were 180 second-year mathematics majors from six Nigerian public universities (one 
from each of Nigerian public universities in the south-west region). Of approximately 250 students 
enrolled in Abstract Algebra and Real Analysis across the six universities, 180 volunteered to 
participate. Inclusion criteria were: (a) enrollment in the target course, (b) no prior exposure to 
proof-intensive mathematics beyond first-year calculus, and (c) consent to participate. A priori 
power analysis (G*Power) indicated that for α=.05, power=.80, and a medium effect (f²=.15), a 
total sample of 107 participants was required. The obtained sample (N=180) exceeds this 
minimum. Participants were assigned to groups based on their pre-existing tutorial section 
enrollment. The tutorial sections (total n=120) constituted the experimental group; one tutorial 
section (n=60) constituted the comparison group. The unequal group sizes reflect actual section 
enrollments and were not experimentally manipulated. 
 
Thus, assignment was non-randomised and based on pre-existing institutional groupings. A 
limitation acknowledged in this study. To assess the equivalence of the two groups at baseline, 
independent-samples t-tests were conducted on procedural fluency scores and proof writing 
scores prior to the intervention. All participants attended the same lectures delivered by PhD-
holding mathematics educators (who served as research assistants for this study) who were not 
involved in tutorial instruction. Participants' ages ranged from 18 to 22 years. In the experimental 
group, approximately 65% were male and 35% were female. In the comparison group, 
approximately 62% were male and 38% were female.  
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A chi-square test confirmed no significant difference in gender distribution between the two 
groups (χ²(1) = 0.16, p = .69). Ethical approval was obtained from one of the authors’ institution 
ethical clearance committee in accordance with institutional requirements. All the participants 
provided written informed consent and were assured that their participation would have no 
bearing on their course grades. 
 
3.3 Instruments 
Two major instruments were used. 
 
3.3.1 Diagnostic Test of Proof Skills (DTPS) 
The items were adapted from Knuth et al. (2019) and Stylianides (2020) to align with 
undergraduate proof readiness. This instrument was used to assess three dimensions of 
mathematical competence: 

(i) Procedural fluency: Items required participants to perform algebraic manipulations, 
expansions, simplifications, and equation solving. 

(ii) Conceptual understanding: Items required participants to interpret logical statements, 
explain definitions, identify valid and invalid arguments, and write contrapositives. 

(iii) Proof writing: Items required participants to construct simple direct proofs and proofs 
by contradiction. 

 
Internal consistency reliability coefficients (Cronbach's alpha) were .78 for procedural fluency, .74 
for conceptual understanding, and .81 for proof writing. Scoring: Students’ responses were 
scored using an analytic rubric assessing logical correctness, accuracy of definitions, structural 
coherence, and clarity of expression. All proof responses were independently scored by two 
trained research assistants. The intraclass correlation coefficient ICC(2,1) = .86. 
 
 Section A: Procedural Fluency (Focus: Algebraic manipulation, symbolic reasoning, and 

computation accuracy) 
 Section B: Conceptual Understanding (Focus: Recognizing definitions, theorems, and 

logical structures) 
 Section C: Introductory Proof Writing (Focus: Applying logical reasoning to construct short 

proofs) 
 
3.3.2 Proof Construction Tasks (PCT) 
The PCT was used to assess students’ ability to construct, organize, and justify mathematical 
arguments using different proof techniques, thereby revealing their cognitive strategies and 
common difficulties. The PCT consisted of four open-ended proof tasks, one for each of the four 
major proof types. The rubric was adapted from Selden & Selden (2013) and pilot-tested with 25 
students not in the study sample (Cronbach's α = .84). The four major proof types are: direct 
proof, proof by contrapositive, proof by contradiction, and proof by mathematical induction. Each 
task was scored on a validated five-point analytic rubric (maximum total score = 20). 
 
Task 1: Direct Proof 
Cognitive Demand: Translating verbal statements into algebraic representation and logical 
sequence. 



   
  
 
  
  
 
 

  
 
 
 
 

58 

Creative Research Publishers       
https://www.crossref.org/06members/50go-live.html      Vol  11, No  2, June 2025 Series  

 

Task 2: Proof by Contrapositive 
Cognitive Demand: Understanding logical equivalence between a statement and its 
contrapositive. 
 
Task 3: Proof by Contradiction 
Cognitive Demand: Higher-order reasoning, managing abstract assumptions. 
 
Task 4: Proof by Mathematical Induction 
Cognitive Demand: Structuring recursive arguments and handling algebra within a logical 
framework. Tasks aligned with Alcock & Wilkinson (2011) on undergraduate proof difficulties. 
 
3.4 Procedure 
The study was conducted in three phases over one semester. 
 
3.4.1 Phase 1: Baseline Assessment 
In the second week of the semester, all 180 participants completed the DTPS under standard 
examination conditions. Both groups also completed the PCT as a pre-test measure of proof 
construction ability. 
 
3.4.2 Phase 2: Instructional Intervention 
The intervention and comparison instruction ran concurrently over twelve weeks (Weeks 3–14 of 
the semester). Both groups attended the same course lectures. The tutorial sessions constituted 
the only difference in instructional experience. Tutorial session recordings were reviewed weekly 
by the research team to ensure fidelity to the intervention protocol. 
 
Experimental Group: Scaffolded Instructional Intervention 
The experimental group's tutorial sessions were restructured into four sequential components: 

1. Scaffolded Proof Templates (Weeks 1–5), which provided students with guided proof 
structures (see Appendix A); 

2. Gradual Fading (Weeks 6–7), where this support was progressively reduced to encourage 
independent proof writing; 

3. Collaborative Peer Critique (Week 8-10), during which students evaluated and discussed 
one another's proof attempts; and 

4. Metacognitive Prompts (Week 11-12), which encouraged students to reflect on and justify 
each step of their reasoning. 

 
Comparison Group: Conventional Tutorial Instruction 
The comparison group's tutorial sessions followed the standard departmental format: 

i. Instructor-led presentation of worked examples of proofs 
ii. Individual practice on proof exercises 
iii. Instructor-led question-and-answer sessions 
iv. Assignment of proof problems for independent practice 

 
Each group received 60-minute tutorial session per week (total 12 hours over twelve weeks). 
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3.4.3 Phase 3: Post-Intervention Assessment 
At the conclusion of the twelve-weeks intervention, all participants completed the PCT under the 
same examination conditions used for the baseline assessment, prior to any instruction on proof 
techniques in the course.  
 
3.5 Data Analysis 
Normality of score distributions was assessed using the Shapiro-Wilk test and visual inspection of 
Q-Q plots; no major departures from normality were observed. Shapiro-Wilk values ranged from 
0.94 to 0.98 (p > .05 for all measures). Levene's test was conducted to assess homogeneity of 
variances. Levene's test confirmed homogeneity of variances for pre-test scores (F(1,178)=0.31, 
p=.58) and post-test scores (F(1,178)=1.22, p=.27). Baseline equivalence between groups was 
assessed using independent-samples t-tests on pre-intervention procedural fluency scores and 
proof construction scores. The primary analysis of intervention effectiveness employed a one-way 
analysis of covariance (ANCOVA), with post-intervention PCT scores as the dependent variable, 
group as the independent variable, and pre-intervention PCT scores as the covariate. Partial eta-
squared (partial η²) was calculated as a measure of effect size. Within-group paired-samples t-
tests were also conducted, with Cohen's d as the effect size measure. Pearson product-moment 
correlations were computed to examine the relationship between baseline procedural fluency 
scores and proof construction scores across both groups. The coefficient of determination (r²) 
was calculated to estimate the proportion of variance in proof scores accounted for by procedural 
fluency. 
 
4. RESULTS 
 
4.1 Baseline Performance and Group Equivalence 
The DTPS and PCT pre-test were administered to both groups prior to the intervention to establish 
baseline performance and assess group equivalence. Results are presented in Table 1. 
 
Table 1. Baseline Scores by Group 
Measure Experimenta

l Mean (%) 
Experimental 

SD 
Comparison 

Mean (%) 
Comparison 

SD 
t p 

Procedural Fluency 82.0 11.2 80.4 10.8 0.92 0.36 
Proof Writing (DTPS) 38.0 14.8 37.2 14.1 0.35 0.73 
PCT Pre-Test (out of 
20) 

7.6 3.1 7.3 2.9 0.64 0.52 

 
Independent-samples t-tests revealed no statistically significant differences between the 
experimental and comparison groups on procedural fluency (t(178) = 0.92, p = .36), proof writing 
on the DTPS (t(178) = 0.35, p = .73), or PCT pre-test scores (t(178) = 0.64, p = .52). The two 
groups were therefore considered equivalent at baseline on all relevant measures. Both groups 
demonstrated a substantial gap between procedural fluency and proof writing performance. In 
the experimental group, the gap was 44 percentage points; in the comparison group, 43.2 
percentage points. This pattern, consistent across both groups, suggests that this disparity is a 
stable characteristic of this population. 
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4.2 RQ1: Relationship Between Procedural Fluency and Proof Construction 
The relationship between procedural fluency scores and proof writing scores was examined using 
Pearson product-moment correlation across the full sample (N = 180). Results are presented in 
Table 2. 
 
Table 2. Correlation Between Procedural Fluency and Proof Writing (N = 180) 
Variables R r² p-value 
Procedural Fluency – Proof Writing 0.48 0.23 < 0.01 
 
A moderate positive correlation was observed between procedural fluency and proof writing 
performance. This suggests that the two competencies are related but distinct: students with 
higher procedural fluency tended to perform somewhat better on proof tasks. However, 
procedural fluency accounted for only 23% of the variance in proof writing scores (𝑟² = .23), 
indicating that a substantial proportion of the variance in proof performance is attributable to 
factors other than procedural skill. This finding is consistent with Weber's (2021) conclusion that 
procedural knowledge can support proof construction but does not determine it. The correlation 
was similar in magnitude when computed separately for each group (experimental: r = .47; 
comparison: r = .50), suggesting that the relationship is stable across instructional conditions. 
 
4.3 RQ2: Effect of the Scaffolded Intervention on Proof Construction Performance 
4.3.1 Between-Group Comparison 
Post-intervention PCT scores were compared between groups using a one-way ANCOVA, with pre-
intervention PCT scores as the covariate. Descriptive statistics and ANCOVA results are presented 
in Tables 3 and 4. 
 
Table 3. Pre- and Post-Intervention PCT Scores by Group 
Group Pre-Test 

Mean 
Pre-Test SD Post-Test 

Mean 
Post-Test 
SD 

Mean 
Change 

Experimental (n = 
120) 

7.6 3.1 10.9 3.4 +3.3 

Comparison (n = 60) 7.3 2.9 8.1 3.0 +0.8 
 
Table 4. ANCOVA Results: Post-Intervention PCT Scores 
Source df F P Partial η² 
Pre-Test (Covariate) 1, 177 82.14 < 0.001 0.32 
Group 1, 177 34.28 < 0.001 0.16 
Error 177    
 
After controlling for pre-intervention PCT scores, a statistically significant difference was found 
between the experimental and comparison groups on post-intervention proof construction scores. 
(F(1, 177) = 34.28, p < .001, partial 𝜂² = .16: medium-to-large effect per Cohen, 1988).). The 
effect size was medium-to-large, indicating that the scaffolded intervention produced a 
meaningful improvement in proof construction performance beyond what was achieved through 
conventional instruction alone.  
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There was a mean increase of 3.3 points (a relative increase of approximately 43%) from the 
experimental group, while the comparison group revealed a mean increase of only 0.8 points 
(approximately 11%). The improvement in the comparison group may be attributed to exposure to 
proof-related content through the shared course lectures and conventional tutorial practice. 
 
4.3.2 Within-Group Analysis: Experimental Group 
Within the experimental group, a paired-samples t-test confirmed that the pre- to post-
intervention improvement was statistically significant: t(119) = 8.42, p < .001, Cohen's d = 0.92 
(large effect). 
 
Table 5. Within-Group Comparison: Experimental Group (n = 120) 
Measure Mean SD Difference t(119) p-value Cohen's d 
Pre-Intervention 7.6 3.1     
Post-Intervention 10.9 3.4 3.3 8.42 < 0.001 0.92 
 
4.3.3 Within-Group Analysis: Comparison Group 
Within the comparison group, a paired-samples t-test indicated a small but statistically significant 
improvement: t(59) = 2.14, p = .037, Cohen's d = 0.28 (small effect). 
 
Table 6. Within-Group Comparison: Comparison Group (n = 60) 
Measure Mean SD Difference t(59) p-value Cohen's d 
Pre-Intervention 7.3 2.9     
Post-Intervention 8.1 3.0 0.8 2.14 0.037 0.28 
 
The comparison group's small improvement demonstrates that some learning of proof occurs 
through conventional instruction and course exposure, but the magnitude of this improvement is 
substantially less than that observed in the experimental group, supporting the suggestion that 
the scaffolded intervention provided significant added value. 
 
4.4 RQ3: Performance by Proof Type 
Post-intervention performance on the experimental group's PCT was examined separately for 
each proof type. Comparison group scores by proof type are also reported for reference. Results 
are presented in Table 7. 
 
Table 7. Post-Intervention Scores by Proof Type  
Proof Type Experimental 

Mean 
Experimental SD Comparison 

Mean 
Comparison SD 

Direct 3.8 0.9 2.6 1.0 
Induction 2.4 1.0 1.9 0.9 
Contradiction 2.1 1.2 1.7 1.1 
Contrapositive 2.1 1.1 1.6 1.0 
(maximum score per proof type = 5 points) 
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In both groups, direct proofs received the highest mean scores, revealing that their linear 
structure is most accessible to students regardless of instructional condition. However, the 
experimental group outperformed the comparison group on all four proof types, with the largest 
absolute difference observed for direct proofs (difference = 1.2 points). This suggests that the 
scaffolded intervention was particularly effective for proof types whose structure most closely 
aligns with the scaffolding approach used in the templates.  
 
In both groups, proofs by contradiction and contrapositive received the lowest scores, indicating 
that reasoning involving negation, logical inversion, and the simultaneous consideration of 
multiple logical positions presents substantial cognitive demands that are not fully addressed by 
either the scaffolded intervention or conventional instruction within a twelve-weeks timeframe. 
The intervention did not produce proficiency in indirect proofs. 
 
Proof by mathematical induction occupied an intermediate position in both groups. Students 
generally handled the base case and associated algebraic manipulations competently, but 
connecting the induction hypothesis to the conclusion in the inductive step remained a consistent 
difficulty across both instructional conditions. 
 
5. DISCUSSION 
 
5.1 Procedural Fluency as a Necessary but Insufficient Foundation 
The baseline data clearly illustrate that procedural fluency, while well developed among the 
participants, does not translate directly into proof construction ability. Both groups achieved 
mean scores above 80% on procedural tasks but below 40% on proof writing. The moderate 
positive correlation (r = .48, r² = .23) indicates that procedural fluency and proof competence are 
related but distinct competencies. This finding is consistent with Weber (2021) and supports the 
view that procedural fluency functions as a necessary but insufficient condition for proof 
construction. 
 
5.2 The Impact of the Scaffolded Intervention 
The central finding of this study is that the scaffolded intervention produced significantly greater 
improvement in proof construction performance than conventional instruction alone. The ANCOVA 
results and effect sizes indicate that the intervention had a significant effect on the participants. 
The inclusion of a comparison group allows for greater confidence in attributing the observed 
improvement to the intervention rather than to general course exposure alone. While 
conventional instruction yielded average performance, the scaffolded intervention resulted in 
remarkably stronger performance. 
 
5.3 Differential Difficulty Across Proof Types 
The finding that direct proofs showed the strongest performance while indirect proofs remained 
most difficult was observed in both groups. Direct proofs follow a more linear logical structure, 
whereas contradiction and contrapositive proofs require more complex management of negation 
and logical relationships.  
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The intervention was effective across all proof types, but its strongest effects appeared in direct 
proof tasks. The persistent difficulty with indirect proofs suggests that twelve weeks of scaffolded 
instruction is insufficient for these more complex proof types. Instructors should allocate 
additional time specifically to contradiction and contrapositive proofs. 
 
5.4 Interpretation Through APOS Theory 
APOS theory provides a useful framework for interpreting the results. At baseline, many students 
appeared to function primarily at the Action level, where mathematical work is externally cued 
and procedural. The intervention was designed to support movement toward Process- and Object-
level engagement by making proof structure explicit and gradually transferring responsibility to 
students. The observed gains in the experimental group are consistent with this interpretation. 
However, continued difficulty with indirect proof types suggests that many students were still in 
transition and had not fully reached Schema-level integration. 
 
5.5 Limitations 
There are several limitations. First, the quasi-experimental design with non-random group 
assignment introduces the possibility of selection bias. Second, the unequal group sizes may 
have affected statistical precision, particularly for Levene's test and ANCOVA assumptions. Third, 
the 12-weeks duration may not be sufficient for long-term development of proof competence. 
Future research should include delayed post-tests to assess retention. Fourth, the experimental 
group tutorials were delivered by the research assistants, which may have introduced expectancy 
effects. Fifth, the same rubric was used for scoring pre- and post-intervention tasks, therefore, 
some of the gain might be attributed to students becoming more adept at fulfilling the rubric's 
criteria, rather than developing deeper proof competence. 
 
6. CONCLUSION 
 
This study investigated the relationship between procedural fluency and proof construction ability 
among second-year mathematics majors in six Nigerian public universities and compared the 
effectiveness of a scaffolded instructional intervention with conventional instruction in supporting 
the transition from procedural competence to proof-based reasoning. Three important findings 
emerged. First, a substantial gap exists between procedural fluency and proof construction ability: 
participants in both groups demonstrated strong computational skills but poor proof performance, 
with the moderate correlation between the two competencies is consistent with the view that 
procedural fluency is a related but insufficient prerequisite for proof competence. Second, the 
scaffolded intervention produced significantly greater improvement in proof construction 
performance than conventional instruction.  
 
Third, performance varied substantially across proof types in both groups, with direct proofs 
proving most accessible and indirect proofs remaining most challenging. From a theoretical 
perspective, the findings are consistent with APOS theory's account of mathematical knowledge 
development. The practical implication is that the gap is reducible through intentional 
instructional design. Structured interventions that make proof architecture explicit and 
progressively transfer responsibility for reasoning to students may meaningfully support the 
development of deductive reasoning. 



   
  
 
  
  
 
 

  
 
 
 
 

64 

Creative Research Publishers       
https://www.crossref.org/06members/50go-live.html      Vol  11, No  2, June 2025 Series  

 

This study contributes to the quasi-experimental evaluation of a scaffolded proof intervention in 
the Nigerian university context, demonstrating that the procedural-proof gap observed in Western 
contexts is similarly addressable in sub-Saharan African settings. Future research should employ 
fully randomised designs, conduct longitudinal follow-up assessments, replicate the intervention 
across multiple institutions in other parts of the country, and investigate whether targeted 
scaffolding approaches for indirect proof types can reduce the performance differential observed 
in this study. 
 
REFERENCES 
 

1. Alcock, L., & Wilkinson, N. (2011). e-Proofs: Design of a resource to support proof 
comprehension in mathematics. Educational Designer, 1(4). 
http://www.educationaldesigner.org/ed/volume1/issue4/article14/index.htm 

2. Andal, S., & Andrade, R. (2022). Exploring students' procedural fluency and written 
adaptive reasoning skills in solving open-ended problems. International Journal of 
Science, Technology, Engineering and Mathematics, 2, 1–25. 
https://doi.org/10.53378/352872 

3. Annurwanda, P., & Friantini, R. (2022). Mathematical induction proofing: Procedural 
fluency reviewed from the creative thinking level of mathematics students. Jurnal Riset 
Pendidikan Matematika, 9(1). https://doi.org/10.21831/jrpm.v9i1.43987 

4. Cooley, L., Dorfmeister, J., Miller, V., Duncan, B., Littmann, F., Martin, W., Vidakovic, D., & 
Yao, Y. (2024). The PRIUM qualitative framework for assessment of proof comprehension: 
A result of collaboration among mathematicians and mathematics educators. ZDM 
Mathematics Education, 56, 1553–1566. https://doi.org/10.1007/s11858-024-01628-
1 

5. Dubinsky, E., & McDonald, M.A. (2001). APOS: A Constructivist Theory of Learning in 
Undergraduate Mathematics Education Research. In: Holton, D., Artigue, M., Kirchgräber, 
U., Hillel, J., Niss, M., Schoenfeld, A. (eds) The Teaching and Learning of Mathematics at 
University Level. New ICMI Study Series, vol 7. Springer, Dordrecht. 
https://doi.org/10.1007/0-306-47231-7_25 

6. Fathina, N., Azizah, D., & Sarian, H. (2025). The effectiveness of RME-based learning on 
junior high school students' mathematical procedural fluency and mathematical 
disposition. Circle: Jurnal Pendidikan Matematika. 
https://doi.org/10.28918/circle.v5i2.12327 

7. Faulkner, F., Breen, C., Prendergast, M., & Carr, M. (2023). Profiling mathematical 
procedural and problem-solving skills of undergraduate students following a new 
mathematics curriculum. International Journal of Mathematical Education in Science and 
Technology, 54(2), 220–249. https://doi.org/10.1080/0020739X.2021.1953625 

8. Firdaus, M., & Mukhtar, M. (2025). Reconstructing multivariable calculus learning through 
mathematical discourse for conceptual and procedural understanding. Journal Evaluation 
in Education (JEE). 6(1), 45-54. https://doi.org/10.37251/jee.v6i1.1327 

9. Foster, C. (2018). Developing mathematical fluency: Comparing exercises and rich tasks. 
Educational Studies in Mathematics, 97, 121–141. https://doi.org/10.1007/s10649-
017-9788-x 



   
  
 
  
  
 
 

  
 
 
 
 

65 

Creative Research Publishers       
https://www.crossref.org/06members/50go-live.html      Vol  11, No  2, June 2025 Series  

 

 
10. Ho, T. (2020). Measuring conceptual understanding, procedural fluency and integrating 

procedural and conceptual knowledge in mathematical problem solving. International 
Journal of Scientific Research and Management, 8, 1334–1350. 
https://doi.org/10.18535/ijsrm/v8i05.el02 

11. Inglis, M., & Alcock, L. (2012). Expert and novice approaches to reading mathematical 
proofs. Journal for Research in Mathematics Education, 43(4), 358–390. 
https://doi.org/10.5951/jresematheduc.43.4.0358 

12. Kilpatrick, J., Swafford, J., & Findell, B. (Eds.). (2001). Adding it up: Helping children learn 
mathematics. National Academies Press. 
https://www.researchgate.net/publication/317953584_Adding_it_up_Helping_children_l
earn_mathematics 

13. Mukuka, A., & Tatira, B. (2025). Analysis of pre-service mathematics teachers' proof 
comprehension through Toulmin's argumentation model. Journal on Mathematics 
Education, 16(1), 111–130. https://doi.org/10.22342/jme.v16i1.pp111-130 

14. Norton, A., Arnold, R., Kokushkin, V., & Tiraphatna, M. (2023). Addressing the cognitive 
gap in mathematical induction. International Journal of Research in Undergraduate 
Mathematics Education, 9, 295–321. https://doi.org/10.1007/s40753-022-00163-2 

15. Nuraida, I., Kusumah, Y., & Kartasasmita, B. (2019). Realistic mathematics education 
with local instruction theory for enhancement students' procedural fluency. Journal of 
Physics: Conference Series, 1280(4), 042003. https://doi.org/10.1088/1742-
6596/1280/4/042003 

16. Schulz, A. (2023). Assessing student teachers' procedural fluency and strategic 
competence in operating and mathematizing with natural and rational numbers. Journal 
of Mathematics Teacher Education, 27, 981–1008. https://doi.org/10.1007/s10857-
023-09590-7 

17. Selden, A., & Selden, J. (2013). Proof and problem solving at university level. The 
Mathematics Enthusiast, 10(1), Article 14. https://doi.org/10.54870/1551-3440.1269 

18. Setianingsih, R., Budiarto, M., & Jamil, A. (2025). Epistemic actions in proving two-triangle 
problems by considering mathematical reading and writing ability. Journal on 
Mathematics Education, 16(2), 479–496. https://doi.org/10.22342/jme.v16i2.pp479-
496 

19. Solomon, Y. (2006). Deficit or difference? The role of students' epistemologies of 
mathematics in their interactions with proof. Educational Studies in Mathematics, 61(3), 
373–393. https://doi.org/10.1007/s10649-006-6927-1 

20. Tuazon, R. (2025). Progressivism-based instruction in mathematics: A review of effects on 
conceptual understanding, procedural knowledge, and student attitudes. Journal of 
Interdisciplinary Perspectives. 3(3). https://doi.org/10.69569/jip.2025.018 

21. Weber, K. (2021). Procedural knowledge and proof construction. International Journal of 
Research in Undergraduate Mathematics Education, 7(1), 39–58. 
https://doi.org/10.1007/s40753-020-00122-9 

 
 
 
 



   
  
 
  
  
 
 

  
 
 
 
 

66 

Creative Research Publishers       
https://www.crossref.org/06members/50go-live.html      Vol  11, No  2, June 2025 Series  

 

APPENDIX A: EXAMPLE OF SCAFFOLDED PROOF TEMPLATE (WEEK 1-5) 
 

Task: Prove that the sum of two even integers is even. 
Component Prompt Student Response Space 

Assumption State what you are given. Let 𝑎 and 𝑏 

be ___. 

Let 𝑎 and 𝑏 be even integers. 

Apply definition By the definition of even, write 𝑎 and 𝑏 

in terms of integers. 

𝑎 =  2𝑚 for some integer 𝑚; 𝑏 =  2𝑛 for 

some integer 𝑛. 

Algebraic 

manipulation 

Compute 𝑎 +  𝑏 and simplify. 𝑎 +  𝑏 =  2𝑚 +  2𝑛 =  2(𝑚 +  𝑛). 

Apply definition to 

result 

What does this expression show. Use 

the definition of even. 

Since 𝑚 +  𝑛 is an integer, 𝑎 +  𝑏 =

 2(𝑚 +  𝑛) is even by definition. 

Conclusion State your conclusion clearly. Therefore, the sum of two even integers 

is even. ∎ 

 
Faded version (Week 6-7: The i). "Apply definition" and ii). "Apply definition to result" prompts, are removed. 

Only i).  "Assumption," ii). "Show your work," and iii). "Conclusion" , headings remain. 
Blank version (Week 8-10: Only the task statement is provided. No structural prompts are given. 

 
 

APPENDIX B: FIVE-POINT ANALYTIC RUBRIC FOR PROOF CONSTRUCTION TASKS 
 

Criterion Score 0 Score 1 
Logical structure The proof does not follow a 

recognisable logical framework. The 
proof type is not identifiable or is 

inappropriate for the task. 

The proof follows a valid logical framework 
appropriate to the proof type, for example 

assumes antecedent for direct proof or 
negation for contradiction. 

Use of definitions 
and theorems 

Relevant definitions are absent, 
incorrectly stated, or misapplied. 

Relevant definitions or theorems are 
correctly stated and appropriately applied 

within the proof. 
Inferential process Inferential steps are missing, invalid, 

or disconnected from one another. 
Each inferential step follows validly from the 
preceding step or from stated assumptions 

or definitions. 
Justification Steps are presented without reasons 

or with incorrect justifications. 
Each substantive step includes an explicit 
justification with reference to a definition, 

theorem, assumption, or prior result. 
Clarity of 

expression 
The proof is unclear, disorganised, or 

uses imprecise language that 
obscures the argument. 

The proof is written in clear, precise 
mathematical language with appropriate 

logical connectives. 
 
 
 


