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ABSTRACT

The parameters of a linearized fuzzy exponential model with the Triangular Fuzzy Numbers were estimated
using the Maximum Likelihood Estimator (MLE). The Triangular Fuzzy Number (TFN) captures ambiguity in
the variable. The estimated parameters were applied to TFNs and the result showed that they were
compatible with the fuzzy exponential dataset. They are proposed for application where there is ambiguity in
a fuzzy dataset that is exponentially distributed.
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1. INTRODUCTION

Mathematical models play a crucial role in describing and predicting diverse phenomena in realworld application [2,7].
However, these models often encounter uncertainties arising from data imprecision, vagueness, or the inherent
complexity of the underlying systems [1]. To address these challenges, fuzzy modeling emerges as a robust framework
that incorporates fuzzy logic and fuzzy sets into the modeling process, providing a powerful means to handle such
uncertainties [6].

In many cases, the traditional linear models may struggle to provide adequate description of relationships between
independent and dependent variables. Non-linear regression methods are useful in such situations because they may
capture intricate correlations between variables. One of the models frequently used to represent relationships in non-
linear regression when the rate of change of the dependent variable is proportional to the independent variable is the
exponential model. Furthermore, estimating the errors associated with the fuzzy exponential model is crucial to assess
the model’s reliability and to make informed decisions based on its predictions. Error estimation provides insights into
the accuracy and uncertainty of the model's outputs, helping researchers and practitioners evaluate the model’s
performance and identify potential limitation [5,9,10]
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Estimating the margin of error in the predictions made by a model is a crucial part of statistical modeling. Previous
studies have develop various techniques for estimating the error of a fuzzy exponential model [4,8]. These techniques
include the imprecision of the data, uncertainty in the model parameters, and the propagation of errors through the
model equations. However, in order to estimate the errors, it is essential to determine a technique for estimating the
parameters of the model itself.

Fuzzy regression analysis aims to estimate the parameters of the fuzzy exponential model by minimizing the
discrepancy between the model’s predictions and the observed data. This approach considers the uncertainties in both
the input and output variables and provides a statistical framework to assess the goodness-of-fit and the confidence
intervals of the estimated parameters [3] In this article, we put forward the procedure for estimating the Fuzzy
Exponential Model using the Triangular Fuzzy Number. The paper is organized as follows: In section 2, we recall the
the preliminary. In section 3, we estimate the parameters of the fuzzy exponential model and numerical illustration were
carried out in section 4. Section 5 provides a conclusion.

Preliminary

Intuitionistic Fuzzy Exponential Model

Intuitionistic fuzzy exponential model is a statistical technique used to represent non-linear connections between
variables when the data are imprecise or unclear. This method combines the use of intuitionistic fuzzy sets (IFSs) with
exponential models to estimate the model parameters and account for uncertainty and ambiguity in the data.

Triangular Fuzzy Numbers

A triangular fuzzy number is a type of fuzzy number that characterize ambiguity or uncertainty in a model. It consist of
three values, a lower bound, central value, and upper bound. The diagram below is a representation of Triangular fuzzy
numbers Where a1, a2, and a3 are the lower bound, central value, and upper bound, respectively. u is the membership
function that describes the degree of membership.
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Figure 1: Triangular Fuzzy Number
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In this article, we will deal with only fuzzy regression analysis were the variables (dataset) are fuzzy. This study will
focus on the case where the datasets are fuzzy, thus, the corresponding exponential model is given as:

Y = Byexp”X e (1)

Where

Y~ is the fuzzy response variable X" is the fuzzy predictor variable 0 and 81 are the fuzzy regression parameters
The exponential model is one of the several models that can expressed in linear form (straight line). To achieve this,
we take the natural logarithm of the model:

letlnY = InfBy+ /X +1Ine
Iy =Y * (2)

InBy = B;

Ine =¢€*

So that, equation (2) becomes N N
V' =B+ X + ¢ ()

Equation (3) is the linearized form of the fuzzy exponential model.

Equation 3 can be written in terms of the Triangular Fuzzy Number with upper bound (U), central value
(C), and lower bound (L) as:

(YL*: Y(?*-, YU*) = (381,7 !33(;7 Jl/fgl,") + (BiL, Bic, ,31(1)()51,~ ch X{) + € 4

The parameters of equation (4) can be estimated using the method of Maximum Likelihood Estimator (MLE). In this
case, we assume that the error terms are normally distributed with mean 0 and variance o2

Using MLE, we first determine the likelihood function, which is the joint probability of the observed data
viewed as a function of a parameter in a statistical model, given as:

LY B B = ] esxp — | (X Yo, Yo )i = (B, e, Biy) — (Brrs rcs Prv) (X, Xo, Xu))®
T V2mo? 20
_ ( 1 ) (YY" Yo )1 — (Bir, Bie, Biw) — (Buw, Bic, Bv) (Xr, Xo, Xv)1)?
= — X exp — =
V2ro? 252
X exp — ((YL*-, };(7*«, 371;*)2 — (r‘"”(’fu *"7}3(:~ 3&;) _ (Bir, Bics 3117)(XL-, X(u XL»')2)2 S o ioat BE

202

exp — (YL, Y, Yo )n — (BiL, Bic, Biw) — (Bir, Bic, Biv) (X, Xc, )\;U)n)z]
’ 202
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LOXT ) = l"l e [1VRD Ve YO0 U B B — s i B X X X '|.'F]

"."IJ"J' _-!ﬂ_.,
§ AT T e T — (B A B — (B Bi Bt M X, Koy X2
W e — VY e Y o Yo o — | T e III-I-'L'I-I I_ (it B B L, X X 2 .
p = | ¥ Ve X0 b — (s i '-Iq. ! (s P B e . X I»:':]
{ Tyl

Taking the natural log of both sides and simplify, the simplified form for the log of the likelihood fonction is as
follows:

ety b [V ¥ Yo ) = (e e ) — (e th B X, X X))
In L = In|1*| — Ini{2xa)¥ | - 3 Z Ll o .-..._;..."."-.....:.""_-_!.‘.é:;rE ABuecne S ALy Ao Ak ] (K1) |
o r=

To estimate the parameters of the model, we differentiate equation [5] partially w.r.t to each parametsr,

Differentating Equatmn EE] parhaﬂ:.r w.rt{ﬂu,ﬂmﬁ-w] and equating to 0, we have-
‘o I
?ﬂ':'" Zrl'h N I. — & ':||_| . !, f j"| | — [ Fii. '_r_'.|r|| ||.'|||'. I|L|' .‘||.l':|.: =

CE Oy W W o : S L
|'|I|I|' Ly g II||I | = — “,l 1‘.' -'|‘| i —1 :1” s [T ‘|:|. | = i"|| ..-.li..r'. ."-I.l IF
1] EI F] ZI [6)
Equation (&) can further be simplified to obtain-
(Boe e i) (Yo X Yy = Bl X Xin. Xy j ¥
Similarly, we differentiate equation (5] paroally w.rt (Fisfic 8] and equating to 0:

Ml - awm: o e o s W R
R ;""h Ko Xoh(¥0" Yo" Yo' b = (i, B B X n, X Xp )y

(B Al T M X X, X))

5

XX X e XY b Yo Vo= (Boer, fans Bt XX LE e X 0) — X(Brebfisg St (A L X e X 02 [B) L
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Substituting equation (6] into (), we have:

Z'l.l'h ..1I|.|"..I'|:'.l |.|H,-. ﬁll -.H l|, ; (lllZ':ﬂ'-. h -. !I'. -|. :'1;| '. '-I;.l ...j|.| llrlll ZLI\.;,.I."‘ .I'I:.l'|I
=] V-

]
.

Simplifying the above, we have:
] . (0 (0 T L T T Dt T, 500 I T B i 0 A i T
e S 1
:'_::.|| VA T T ..{E:I. (X, X I'Ll-l]

|_'|'||.'_ Js i _|'|_. j =

k)
Equation (8] can be further simplified to obtain:
;  E X X Y }',I un, m Xu)l¥ s, YoV
(B, B, D) = = -y
Vo Xies Xy X )7 = ml X Koy Xyt (10]

Equation (7) and (10) can be used to estimate the parameter of a linearized fuzzy exponential model with
Triangular Fuzzy Number.
Consider a fuzzy exponential model with k independent variables, equation (1) becomes:

(Vi Vi Vo) = (o e, e e e o bt o R ety g

Using the same linearisation technigque in equation (1), the linearized fuzzy exponential model with k independent
variable is given as:
ll l!'r },u M= ll..l "':I.|g'"-||.{ 1+ |:.!||| :I'||'. i||'||.:'|.||I 1|.|,"..1I.|,"l|
=t |:.£|||_,..!|I_r'. II.| ||..I'|.-|||-_..1||.i|' .-I'u-_|||l :I - "

Where
Y u Y
& =|ne
#=Inj,
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3. NUMERICAL EXAMPLE

Example
Consider the data set (Triangular Fuzzy Numbers):

Consider the data set (Triangular Fuzzy Numbers):

Table 3.1
X ¥
{L5,2.0,25) [3.54.0,45)
{3.0,3.54.0) (5.0.55,60)
[4.5,5.5,6.5) [6.57.5.60)
[65,7.0,7.5) [(6.0,65,7.0)
{20,8.5,9.0) {8.0,8.5,3.0)
[2.5105115) | (708090
[10.0,10.511.0) | [120,12513.0)
(10.5,110,1L5) | {10.0,10.511.0)
[12.0,12513.0) | (2.0.9.51L0)
Taking the natural of ¥, we have:
Table 3.2
X ¥
{1520,2.5) {3.54.0,4.5)
{3.0,3.5,4.0) [5.0,5.5,6.0)
{4.55.5,6.5) [6.5,7.5,5.0)
{65.7.0,7.5) In |
(L262763, 1556204,
{ TGOREER, 1. TTHT4R,
[ LE7 IR0, 201003,
(L.T00750, LRT 1R,
U070, 2, TNGE,
VLAMAG1 2. 050112, 3
0 AR4007, 3, Ra5700,
(2 AN2RER
T [ 5y PO
(8.0,85,5.0) [8.0,2.5,5.0)
[%510.5115) {7.0,8.0,5.00
[10.0,10.511.0) [12.0,12.513.0)
[10.5,110,115) [10.0,10.5,11.0)
(12.0,12513.0) (9.0,9.5,11.0)

To apply equations {7} and (10, the following were obtained based on the estimated parameters:

PN X o) (i, ¥ e, Vi ) = [137.2916,153.4749,169.1740)
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R R BB ) —n(R e Re 8P P P
Ef.".' LA Map =l X, X Xl

Substituting the values above in the equation, we have:

[ e e B L13T 2000, B AT, 10017400 — Oy 11 1802, 160Hk2, 755 25}
L L TR T -
0,

| DB, 25, 6630, Thb.25) — MO2. 0661, 6 2346, TI25)

AT E06, 1AL 4740, 16017400 — { 1276210, 14560, 159, 703N
(HR2.20, G655, ThE25) — (4T9600d, 56001111 650L25)

Simplifying accordingly gives:

(F w8 sof w) = (0.0920.0850.089)

Similarky,
B = (VYY) = AN X X
= (L9484,2.0362,2.0876) - (0.092,0.0850,089)(7.2775,7.8889,85)
[, b @) = [1.2788, L3656, 1.3311)

The process generated three models for the upper boundary, central value, and lower boundary of the
model support, as shown below:

" = 1,2788 + 0.092%, The
lower boundary of the model support interval is: Fp

e
=

= 1,3656 + 0.085X
The rentral walue of the model support is: ¥o

= 13311 + 0.089 » The
upper boundary of the model support is: ¥y
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These models can be expressed back to exponential form by taking the exponents of both sides, Thus:

"= 3.5923exp"F: The
lower boundary of the model support interval is: 11

= 30181 sapt L
The central value of the model supportis: ¥

= 3.7852exp Ty
The upper boundary of the medal support is: Yy

The method used in this stody efficiently estimated the parameters of fuzzy exponential model using ths
Triangular Fuzzy Numbers.

4. CONCLUSION

The parameters of a linearized fuzzy exponential model were estimated using the Maximum Likelihood Estimator for
Triangular Fuzzy Number. The Fuzzy Exponential Model has potential application when there is uncertainty or
ambiguity in a dataset that is exponentially distributed. The estimated parameters were applied to some dataset to
estimate the errors of the model, which helped to gain valuable insights into the models performance and
generalization capacity. Consequently, it is recommended for application in situations where there is ambiguity or
uncertainty in the dataset.
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