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ABSTRACT

This study addressed underexplored areas in predictive model performance by reviewing methods
for controlling bias and variability, using a state-of-the-art smoothing spline algorithm (SSA) to
preserve data quality. To confirm the tenacity of the SSA to enhancing high accuracy of a model, we
studied three factors that impact the performance of predictive models whose outcome revealed
that (a) the highest bias in a predictive function g, produced an inflexible line that under-fits the
model, (b) a very high variance yielded a wiggly curve, touching every data-point that over-fits the
model, and (c) simulating the predictive function g with different values of A aided in determining the
most appropriate balance between the bias and variance that yielded optimal performance. The
study also revealed that A = 0 produced high variability model that interpolates every data point.
And A tending towards infinity, A — oo, completely biased the model producing a linear fit,
highlighting that not considering bias-variance trade-offs with smoothing spline would either over-fit
or under-fit the model, resulting in low performance. We also pointed out that the leave-one-out
cross-validation (LOOCV) algorithm performed best in selecting the value of A that optimizes the
model’s fit performance by minimizing the LOOCV error.
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1. INTRODUCTION

Predictive models in healthcare are making a revolutionary change with regards to evidence-based
decision-making, exploiting sophisticated data analysis to enhance healthcare delivery and patient
results [1]. And the applications of the predictive models are gaining traction in recent times, that
could be applied in other areas outside medicine [2], ranging from protraction of disease prediction
to Risk stratification to identify patients needing early intervention [3], and in all the phases of
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production, implementing proactive risk stratification with integrated quality control and process
improvement, leveraging failure mode prediction/prevention and continuous safety monitoring [4].
Comprehending prediction errors (bias and variance) is crucial in model predictions as there is a
balance between a model’s capability to reduce bias and variance, respectively, in building accurate
models and preventing the risk of over-fitting and under-fitting the model [5]. Model’s intricacies and
universality have to be considered after minimizing the testing error of a predictive model [6]. As a
result, bias-variance decomposition was established as the first stage for curbing the challenges
faced in selecting a model based on the highest testing performance. Moreover, applying bias-
variance trade-offs to learning theories and pedagogy yielded insights for productive educational
debates [7]. Classic bias-variance tradeoff that underpins predictive performance addressed models
selection that optimally balanced complexity with generalization capability [8], which deployment in
real educational settings could lead to unintended harm if the predictions are biased [9].

The majority of the machine learning methods either over-fit or under-fit predictive models in the
presence of autocorrelated errors due to the presence of noise, which the smoothing spline tends to
filter this when predicting nonparametric regression, forecasting, spatial, and survival models whose
performance is based on the selected smoothing parameter [10]. Computing a non-parametric path
function to determine the causal relationship between extrinsic and intrinsic factors using a
smoothing spline yielded more flexible function estimations for data patterns with close accuracy to
the real data pattern [11]. An adaptive smoothing spline (AdaSS) estimator algorithm with
optimization tuning parameters comparatively adapted better to the true coefficient function over
regions of large curvature without being under-smoothed over the remaining part of the domain [12].
According to [13], the design of standard growth charts to assess the nutritional status of toddlers
using a multiresponse semiparametric regression (MSR) model was estimated using a smoothing
spline.

[14] and [10] established that most of the regression splines such as piecewise-polynomial, cubic
spline, and natural splines produce smooth curves for predictive models but they do not provide
mechanisms for controlling the bias-variance trade-offs giving the propensity of yielding overly flexibly
model Hence, this study reviews balancing reduction in the bias and variance of a predictive model
using the smoothing spline method that reduces the residual sum of squares (RSS), as well as
produces a smooth curve by adding some constraints that controls the bias-variance trade-offs to
maximize predictive accuracy.

2. MATERIALS AND METHODS

Predictive modeling is a part of Machine learning that allows accurate prediction of outcomes, and
its techniques use existing data as input to forecast new output values [15]. It centers on fitting
models that enhance accuracy based on the accepted data [16]. Generally, an optimal model is
influenced by balancing the bias and the variability of a model which has been featured in a few
machine learning approaches, such as ridge and lasso regression, and also in statistical thresholds,
which revealed that adjusting the probability values plays the role of harmonizing the bias and the
variance of the model [14]. The high-low algorithm uses the highest and lowest task levels over the
period to approximate models, compute features, and estimate fixed costs.
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Doubtlessly, this could be deceptive when the high and low task levels are aberrant from the normal
activity at the majority of the data points [17]. To overcome under-fitting/over-fitting and produce an
essential equation, the model’s feature complexity needs to be reduced, and powers have to be
added to transform the original features into polynomial features [18].

2.1 Bias-Variance Trade-Offs
The interrelation of the target variable Y and the other covariates X in Eq. (1)

Y=fX)+e €Y)

where the error term e is normally distributed with mean zero. Fitting a model f(X) of f(X), the
expected squared error at a point X, is Eq. (2) [7].

R 2
Err(x,) = E [(Y ~ (xo)) ] (2)
According to [12], Eqg. (2) is the mean square error (MSE), which is the result of two competing
properties that can be broken into the sum of three basic quantities: the variance of f(xo) , the
squared bias of f(xo) and the variance of the irreducible error €, Eq. (3)

E(yo — f(x0))? = Var (f(x,)) + [Bias(f(x0))]? + Var(e) 3)

Remark I:

According to [7], bias occurs due to the inability of a model to comprehend the hidden pattern of the
data especially when little amount of data is used to fit the model, leading to increase in bias and
reduced variance, producing linear fit, and under-fitting the model Figure 1a, whereas high variability
results when the model captures the babble as well as the core principles in the data, leading to
reduced bias and increased variance, yielding wiggly fit in an attempt to interpolate all the data-
points, and over-fits the model Figure 1b. Balancing the bias and variance generates a good balance,
giving an optimal model with a smooth curve Figure 1c

(a) Under-fitting (b) Over-fitting (c) Good balance
High bias High variance Low bias low variance
= > > >
X X

Figure 1 (A) Under-Fitted Model (B) Over-Fitted Model (C) Optimal Model [5]

Thus, the bias-variance trade-off theory seeks a method that reduces the bias and reduces the
variance introduced by a predictive model’s fit for optimal performance.

87



o mallemalics T Fam  Sretworker e
o WOLK. < & dequalion: < B RS s o
it e O modelling =

Journal, Advances in Mathematical & Computational Sciences
Vol. 14 No. 1, March 2026 Series
www.isteams.net/mathematics-computationaljournal

2.2 Smoothing Spline

Based on the concepts of bias-variance trade-offs, the smoothing spline improves on other
regression spline approaches by finding a function g(x) that aligns the historic data such that the RSS
is reduced. However, without constraining g(xi), the value of RSS can be reduced to zero by selecting
g that touches all of the yi. A function such as this would disappointingly over-fit the data. The
limitation is resolved by adding some constraints on g(xi). Hence, the function g (also known as the
smoothing spline) is sought to minimize Eq. (4) [14].

Z(Yi -g(x))?%) + 4 f g"'t2dt 4)

Where
A is a positive tuning argument.

Applying the “Loss + Penalty” formulation, the term Y, (y; — g(x;))? becomes the RSS, popularly
known as the loss function, that empowers g to align the data appropriately while )Lf g''(t)2dt is the
added constraint, popularly known as the penalty term, that penalizes variability in g and encourages
g to be smooth.

Remark II:

The higher the A, the smoother the g. However, if (lambda tends towards infinity), then g becomes a
smooth straight line that approximates the training data points as closely as possible, Figure 2. This
implies that we have the highest bias in g, which makes g rigid (inflexible) and under-fits the model.
As the loss function in Eqg. (4) only results in reducing the RSS, the scenario models g as a linear
least squares fit

Figure 2: A, — oo Under-Fits The Model [1]

Remark IlI:

The penalty in Eq. 4 has no impact when A is 0, thereby making the function g become too jumpy, so
that it interpolates every observation in the training dataset. Figure 3. This implies that g has very
high variance, which makes g highly flexible. This case builds g as a wiggle curve, since the penalty
term in Eq. (1) only amounts to maximizing the variability in g.
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Figure 3: A = O Over-Fits The Model [19]

Remark IV:

When A is tuned to an intermediate value, g estimates the training observations and ensures that the
curve is somewhat smooth Figure 4. This implies that the A can be turned by simulating/selecting
different values and observing which of the values regulates the bias-variance trade-offs of the
smoothing spline g, to yield optimal performance.

Figure 4: An Ideal Model, Als Adjusted To Best Fit Curve [20]

2.3. Justifications

Smoothing spline presumably experiences excessive degrees of freedom, like other regression splines,
where for each data point, a knot is granted much pliability. However, A applied the effective degrees of
freedom [14]. Ordinarily, the degree of freedom refers to the number of adjustable variables n, such as
the number of coefficients in a polynomial or cubic spline. In contrast, effective degrees of freedom
constrain or shrink the n parameter. In fact, increasing A increases from O to o, the model’s effective
degrees of freedom steadily decline - from n down toward 2. Thus, the effective degrees of freedom
quantify the flexibility of a smoothing spline - the more the effective degrees of freedom, the higher the
variance (more flexibility), and the lower the bias of the smoothing spline. Just as other regression
splines, the smoothing spline g(x) that gives Eq. (4) the minimum has specific unique attributes: (a) It is
a piecewise cubic polynomial with knots positioned at the distinct values of the x4,.. . , X,. (b) It
marks continuity of both the first and second derivatives at each knot, and (c) It behaves as a linear
function beyond the outermost knots.
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This implies that the smoothing spline g(x) that reduces Eq. (1) is a natural cubic spline with knots
located at each observed x4,.. . , X,. but it differs from the natural cubic spline found in the
regression spline.

2.4. Choosing Lambda A

Unlike other regression splines, which place knots at each training observation x4,.. . , X,. and
require selecting both the number and locations of these knots during model fitting, the smoothing
spline, in contrast, chooses a value of lambda that optimizes the model’s fit performance by minimizing
the leave-one-out cross-validated (LOOCV) error, RSS. Using LOOCV, Figure 5 depicts the smoothing
spline fits for the Wage dataset [14]. The red curve shows the smoothing spline fitted with 16 effective
degrees of freedom. The blue curve presents the smoothing spline when A was automatically found by
LOOCV, resulting to 6.8 effective degrees of freedom. The red curve appeared slightly wigglier. Thus, the
smoothing spline fit with 6.8 degrees of freedom is recommended because it offers simpler models and
is generally superior, except when the dataset supports a more complex model.

= 16 Degrees of Freedom
8 - 6.8 Degrees of Freedom (LOOCV)
I=r
= —
S &
= —
o
S / s S
8 -
o
T T I T I T |
20 30 40 S50 60 70 80
Age

Figure 5: Smoothing spline fits to the Wage dataset [12]

3. RESULT AND DISCUSSION

Turning parameter A was applied in RR and LR in predicting Nigeria’s GDP [21]. This study used 5-fold
Cross-validation (5-fold CV) metrics to evaluate models developed using three regression approaches
for the analysis of Nigeria's GDP data, showing the 5-fold CV Mean Squared Errors (MSEs) for ordinary
least squares, ridge regression, and lasso regression. The findings revealed that the Ridge regression
has the minimal MSE with a turning parameter = 100. Predictive models play a central role in timely,
effective decision-making across science, medicine, and other domains. Evaluation metrics must meet
significance criteria and, in the presence of target variables, also demonstrate predictive power.
Primarily, seven bias-variance trade-off optimization techniques, namely, kernel parameters C,
hypertuning parameters, A tuning parameter, probability threshold, Unbiased Risk (UBR) smoothing
parameter,
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Generalized Maximum Likelihood (GML), and Generalized Cross-Validation (GCV) have been reviewed
in relation to the smoothing spline technique under study. In agreement with this work, the support
vector machine (SVM) applied kernel parameters C and o\sigmao to regulate the bargain between
increasing the margin/decreasing classification error and the complexity of the decision boundary to
obtain the highest accuracy of 98.8% over other methods in early detection of heart disease [22].
According to [23], the hypertuning parameters were employed to control early diagnosis of breast
cancer, achieving accuracies of 100% and 99.30% in the random forest model, respectively, on a
holdout set. According to [10], in a time series observations with auto-correlated error levels of
(p=0.2, 0.5, and 0.8) using spline technique out-weighted the contemporary approaches with the
MSE of 0.04.

CONCLUSION

With progress on both theoretical and computational fronts, smoothing spline modeling has become
an established tool in machine learning regression and classification. Higher predictive potency
might be achieved in some cases, . Smoothing splines offer a captivating equilibrium of predictability
in line with the accuracy of predictions by controlling the two vital prediction errors (bias and
variance) to strike a balance between under-fitting and over-fitting the predictive model in the fields
of science and medicine to ensure timely and informed decisions.
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