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ABSTRACT

This paper examines the behaviour of the spectrum of the weighted P-Laplacian on a complete Riemannian
manifold evolving by the Ricci-harmonic flow. Precisely, the first eigenvalue diverges in a finite time along this
flow.
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1. INTRODUCTION
In this paper we study maximal time behaviour of the first eigenvalue of the weighted F-Laplaian on an H-
dimensional complete Riemannian manifold (M, o, :fj.&] equipped with weighted measure
du =e ®dv, ¢ € C™ (M, du), whose metric @ = g(t) evolves along the Ricci-harmonic flow. It is a
well known feature, that spectrum as an invariant quantity, evolves as the domain does under any geometric
flow. It is found out that the bottom of the spectrum diverges in a finite time of the flow existence.
1.1 The Ricci-harmonic flow
The pair (g = g(x,t),¢ = @(x,t))is said to Ricci-harmonic flow if it satisfies the system of quasilinear
parabolic equations

d

5. 9(x,t) = —2Rc(x,t) + 2aVe(x,t) @ Vo(x,t)

(1.1)

d

5 o(xt) = A0(xt),
subject to initial condition (g(x, 0), @(x,0)) = (g,. Dy ).

Here ¢(x, t): M % [0,00) — Ris a one parameter family of smooth functions at least €% in x and €t in
t, & is the tensor product, Rt is the Ricci curvature tensor of [M, g), V is the gradient operator, & is a
nonincreasing constant function of time bounded below by @, = 0 in time and & is the Laplace-Beltrami
operator on M. The system (1.1) was first studied by List [12] with motivation coming from general relativity. It
was generalized by Miller [13] to the situation where ¢: (M, g) — (N,h), ((N,h) is a compact
Remannian manifold endowed with static metric ?I) and ¢ satisfies Eells and Sampson’s heat flow [7] for

harmonic map. Indeed, if € is a constant function, the flow degenerates to the well known Hamilton’s Ricci
flow [9]. For detail discussion on Hamilton’s Ricci flow see [4, 5] and for Eells and Sampson’s heat flow see

(8].
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Recently, obtaining information about behaviours of eigenvalues of geometric operators on evolving manifolds
has become a topic of concerns among geometers since these information usually turn to be useful in the
study of geometry and topology of the underlying manifolds. Perelman [14] recorded a great success by

proving that the first nonzero eigenvalue of —4A + R is nondecreasing along the Ricci flow via the
monotonicity formula for his energy functional. Cao [3] extended Perelman’s result to the first eigenvalue of

R
A+ ~ on the condition that the curvature operator is nonnegative. Later, Li [10] proved the same result

without any curvature assumption. Recently, the first author studied the evolution and monotonicity of the first

eigenvalue of p-Laplacian and weighted Laplacian in [1] and [2], respectively. He found some monotonic
quantities under the respective flows. In [6] Cerbio and Fabricio proved that the first eigenvalue of Laplace-

Beltrami operator on a 3-dimensional closed manifold with positive Ricci curvature diverges as t — T’ under

the Hamilton’s Ricci flow. The authors in [17] obtained a similar result under 3-dimensional Ricci-Bourguignon
flow. In [2] the first author proved the same result for the weighted Laplacian under the Ricci-harmonic flow.

Motivated by [6] and [2], we will show the same result for the eigenvalue of weighted p-Laplacian under the
Ricci-harmonic flow and on gradient almost Ricci-harmonic soliton for p = 2.

2. PRELIMINARIES

2.1 Notation

Throughout, (M, g] will be taken to be a compact Riemannian manifold. Sometimes, our calculations are
performed in a local coordinate system {x,x2, ..., x™} with repeated indices summed up. The Riemannian
metric g [x] at any point 2 € M is a bilinear symmetric positive definite matrix written in local coordinates as
g(x) = g;;dx"dx’, where g,; and g7 = (g;;) 7"
respectively.

are the components of the matric and its inverse,

We denote a symmetric 2-tensor by Stz = Rec — aWV¢ & V¢, its components by 55}-: = Re}' — cxgbigb}.
and its metric trace by 5: = R — :x|"i-"-gb|2, where RE-_J- are the Ricci tensor's components, K is the scalar
curvature of [M,g) and ¢, =V, p = % ¢. We denote the Laplace-Beltrami operator, p-Laplacian,
weighted Laplacian (¢»-Laplacian) and weighted p-Laplacian on (M, g) by A, ﬂ?,, &¢, and ﬂwf-”
respectively. We denote v’ as the Riemannian volume measure on (M, g) and dp: = g~ (=) dv, the

weighted volume measure, where @ € £ ™ (M)

2.2 Laplacian-type operator
Let f: M — IR be a smooth function, for € [1,+02), the p-Laplacian of f is defined as

A,f = div(|VfP~2Vf)

= |VfIP7Af + (p — 2)|Vf [P *Hessf(Vf, V),
where div is the divergence operator, the adjoint of gradient for the L*-norm induced by the metric on the
space of differential forms. When p = 2, Ap is the usual Laplace-Beltrami operator. For the weighted
volume measure di = e~ ®dw, the ¢-Laplacian is defined by

Ayf:= e?div(e ®Vf) = Af — (Vo,Vf),
which is a symmetric diffusion operator on L2(M, g, dit) and self-adjoint with respect to the measure in the
sense of integration by parts formula
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_I':w ﬂ#_,uvr:ip = — _I':w (Vu, Veydu = _I"M u&¢,vd;c
for any 1,17 € €= (M). When ¢ is constant, the weighted Laplacian is just the the Laplace-Beltrami

operator. The weighted p-Laplacian on smooth functions generalizes the p-Laplacian and the weighted
Laplacian. It is defined by

Ay g = e®div(e ®|VFIPT2VS) = A f — |VFIP(Ve, V).

When p = 2, this is just the weighted Laplacian and when ¢ is a constant, it is just the p-Laplacian.

The mini-max principle also holds for the weighted P-Laplacian where its first nonzero eigenvalue is
charaterizeed as follows

Ay(8) = i?f{J;, IVFIPdp: [, |fIPdp =1, f # 0,f € W™ (M, g, du)} (2.1)
satisfying the constraints fw |FIP=2Fdu = 0, where WP (M, g, dut) is the completion of

C% (M, g, dpt) with respect to the norm

I f ly2e= (], IFIPdu+ [, IVFIPdr)e.
The infimum in (2.1) is achieved by f € wie satisfying the Euler-Lagrange equation

Apof = —A|FIP72f 2.2)

or equivalently,
[y [VFIPTHVE,V)du — Ay [ IFIP72{(F . dydu = 0 (2.3)

for all € C” (M) in the sense of distribution. In other words, we say that 4 is an eigenvalue of ﬁwﬁ- and
F € W7 s the corresponding eigenfunction if the pair (4, f) satisfies (2.2). Then (2.3) implies

Ly WfPdu= 4], IfIPdu (2.4)

implying A = _I':w |Vf|P dp since _I':.d_ fIPdu = 1.

2.3 Regularization procedure
Firstly, we introduce the linearized operator of the weighted p-Laplacian on function i € €™ (M) defined
pointwise at the points Vi #= T [16]

Ly (f): = e®div(e ®|Vh|" 26 (VF)]

= |Vh[P~2A4f + (p — 2) |VR[P *Hessf(Vh,Vh) + (p — 2)A, 4h
(o V)
for a smooth function f on M, where & can be viewed as a tensor defined as
_ oy TRETR
G:=Id+ (p —2) o
165
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Notice that £¢, is positive definite for = 1 and strictly elliptic in general at these points (VA # (), and that
the sum of its second order part is
Lof: = |VRIP2A4f + (p — 2)|Vh[P"2Hessf(Vh, VR)
with
]Léh = d?ﬂ,q‘f’ h-.
When p # 2, the weighted P-Laplacian degenerates or is singular at points Vf = . In this case &-
regularization technique is usually applied by replacing the linearized operator with its approximate operator.

For £ = 0, we define an approximate operator Lz _: = A, 4 _ for smooth function foby

p-2
D, gsfe =e®div(e ™4 V)
with the following characterization _
E
— 1 2 .
A= 1?f{_|':w Aldu: _I':w
where A_ = |Vf|* + <.

It has been shown in [15] that the infimum above is achieved by a £ = eigenfunction f. satisfying

- é"'p,q},sﬂ = _‘;l’s fs ‘,t:I—EfE

Pz
with 4. = _rw A VL] *du by using standard elliptic theory. Taking the limit as £] 0, we then obtain a

P72 fodu =0},

1

Pdy = 1,_['w

f:

continuos weak solution 4; = lim_;,4, and f = lim_j,f..
Define the G norm |I* II.QIF for every smooth 2-symmetric tensor VE-}- by
2_ i VifeV i 1 Vaf:V;
1V, 1P= (6" + (P~ 2 (6" + (p— 2) 2T, v,

Then G, trace of Vy; is
— (i VifeVif
Trg, (V) = (67 + (0 - 2) Ly,

In particular,
: 2
I Hessf, I°= [Hessf, | + (p—2) [ 4+ (p — 2)2 (EAZL
and
Tr._(Hessf,) = Af. + (p — Z]%_
Hence, i “
A’ Trg (Hessf) = ﬂ"*p,zﬁ = ﬂ-*p;éhﬂgz (Vo.Vf). (2.5)

3. BEHAVIOUR OF A1 () AT THE MAXIMAL TIME

In this section we want to show that the first eigenvalue diverges in a finite time. In [6] Cerbio and Fabricio
proved that the first eigenvalue of Laplace-Beltrami operator on a 3-dimensional closed manifold with positive

Ricci curvature diverges as £ =+ T under the Hamilton’s Ricci flow. In their work, they used the popular Reilly
formula. In [2] the author proved the same result for the weighted Laplacian under Ricci-harmonic flow.
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Motivated by [6] and [2], we will show the same result for the eigenvalue of weighted p-Laplacian under the
Ricci-harmonic flow. Our derivation will be via weighted p-Reilly formula.

Theorem 3.1 (Weighted p-Reilly formula [16, Theorem 2.2]). Let (M, g, dit) be a compact smooth metric
measure space. Then

Ly (8, f)* = |VFI* 7% || Hessf IIz dp = [, |V~ *(Re + V2)(VF,VF)du  (3.1)
for f € C™(M)and

2 2 -2 |9IVFIAE |, (p-2)® (VERIVAIY®
Hessf [|2= |Hessf|* + == +
” f ”G | fl 2 |.:I-J,-Iz 4 |':"f|4

Before we state the main result of the section, we remark that it has been proved in [11, Theorem
1.1] that either

limsup (maxR(t)) = oo (3.2)
t—=T M
or

W) g e T RCE)I
R(z)

limsup [m‘?xR[tjj < oo  but limsup(max ) =00, (3.3)
t=T

t=T M
where W(t) is the Weyl part of the Riemannian tensor, under the extended Ricci flow for the case 1 = 3

and T =2 @0, Also in this case |'17"'q.\r1|2 is uniformly bounded. Observe that if one assumes (3.2) one can easily
deduce that

li_r}]}smin (t) = (3.4)
without an additional assumption.

Finally, we use the estimate (3.4) together with (3.1) to prove that the eigenvalues of weighted p-Laplacian
diverge as t approaches the maximal time. The main result is the following.

Theorem 3.2 Let A, (t) be the first eigenvalue of the weighted p-Laplacian for p = 2 under the Ricci-
harmonic flow (M, g(t), @(¢), dw), t € [0,T], T < co with S{0) = 0. Then
lin},ll[t] = 0o, (3.5)
=

, 1
whereSi}-—ﬁSgi}- =0inMx[0,T].SE [l],;].

By the Weighted p-Reilly formula (3.1) we have
fyy (B, f)* — IV I Hessf I du = [, IVFI***Sc(VF,VF)du
(3.6)
+ 1, IVFI7 (aV9 @ Vo + V2¢) (VF, V) d.
Since A, 4f = A,f — |VfIP73(Vg,Vf), and using an elementary inequality of the form

2 1 3 1,4
[rx + b] <= Ea‘ —: b* for 5 == 0, we obtain the following inequality

[y, (Bpf)? = (8psf +IVFIP72(Ve,Vf))?

1 7 1 Tgq 7
= (8,607 —ZIVFIF T Ve, V%
Hence by (2.5) we have
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Ip— 2.1 -z 2 1 -
IVFI**~* || Hessf IIEE;(W}’P” “Tro(Hessf))" =;(ﬂ?fj‘

3.8
2 5 (8,40) — ZIVFIZ (T4, V)% @)
Using (3.8) into the formula below
[ Bpafidu =2, 1" 2dp
yields
_I':w [&'pﬂ:&ﬂ: — |VF|?P~* || Hessf ||% dp = (1_ﬁlﬁ.{w If1%?~2du
(3.9)

1 — -
+ = [VFIPT3 (Ve V)2
Putting (3.9) into (3.6) gives

1 - - —_" 1 P -
(1= )Wy PP e+ [, VAPV, V) Pdu

= wa |VFIP~2Se(VF,VF)du + a:_l':w IVFI?P~ %V @ Vo(Vf, Vf)du (3.10)

+ [, IVFIP T V2Q(VE,VS) dp.
Choosing 5: = i, a = a, > 0,wehave

En

1 nlltey o 1

- =—= m7&  and =%
nil+s) ni{lta,) ns n

we observe that

a f,, |VFP74Ve @ V(VF,VF)du = %= [, |VF~*|(Ve, V1) 2dp
by identifying Vgb & V@ (VF,VF) with [(Ve. V)% Hence (3.10) reads

niltay)—ay- -2 Ip—2 9 —
(PCozln a2 [ 1% 2dp = [, [VFI7*Sc(VF, Vf)dp

+[, VAPV (VA VF)dp.

. . 7 1 1 . .
Since @ solves the heat equation we observe that |W<¢| = — |A¢| = — |, |. Using the condition
Vn ~'n

(3.11)

S;; — BSg = 0, then (3.11) implies

nllto, - 7 Ny - 1 . 2p—2
( xnl:Hnﬂ]':n}n]Ai [, I 2 du =B [, SIVFI*® idﬂﬁ%nlqbfl-[w |VF|P~2dy
(3.12)

i_ . 2p—2
> (BS pin(t) + = minlgs ) f, IV dp
Multiplying both sides of (2.2) by the quantity |f|¥ >F and integrate over M using integration by parts

formulas to arrive at
AL VPP 2 dp = (p— 1) [, IVFIPIFIP 2dpe.
Applying the Hélder inequality for any = Z, we have

Ay Jy 1F1# 7 dp < (0 = D, VAP )=, IFI7P75)=,

hence
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p—32

S A, = S
i IVFIP2dpn = (B F [, IF1%%du @19

Putting (3.13) into (3.12) we arrive at
[nl:1+ )y,

ni{ltay) ]Ai ..r:l_.f |f|2ﬂ_2dﬁ
1 i p-t (3.14)
= (ﬁsmin(t]—i_v_';n}}nlqbrl](; F J;,, |f|‘ﬂ_‘dp.

Forp = 2, we can conclude that
p—2

n{ltay -y 12 1 ) A,
Crray MM 2 (BSmun(t) + Zminlg, [)(CZ)) (3.15)
and then
n{ltay -ty 1p 1 . 1 L:L
ey M 2 (BSimn (D) + Zminjo () 7 (3.16)
which finally implies _
niltay,) 1 . = —
A1) = [ e (BSmn (8) + Zmin|é D=~ (p = 1) (3.17)

Since Sppin(t) = +as t — T and min; |, | is finite then lim,;+ = +02. This completes the proof
of the theorem.

Remark 3.3 The above result also holds for the case p = 2. Indeed (3.14) reduces to
nllta, -y 42 2 1, A, 2
G A Ly If17d 2 (BSpin(0) + Zminlg. DD [, If Pdr @18)
for p = 2 and consequently,

n(l+ea,) 1.
A1) 2 e (BSmin(t) + Zmin| g, [). (3.19)

Then Theorem 3.2 reduces to [2, Theorem 2.5].

4. SUMMARY

In this paper, we investigated the behaviour of the first non-zero eigenvalue of the weighted p-Laplacian
acting on the space of smooth functions along an abstract geometric flow, called the Ricci-harmonic flow. Note
that the first eigenvalue’s properties determine to large extent the behaviour of the spectrum of a self-adjoint
operator. We have shown that the first eigenvalue diverges in maximal existence time for the flow. Our
derivation was done via weighted p-Reilly formula. This property is a powerful tool in the study of geometry
and topology of the underlying space. This result also generalizes a number of results. Other properties of the

first eigenvalue, such as monotonicity, differentiability and asymptoticity, will also be discussed somewhere
else.
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