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ABSTRACT

In this work, a Susceptible-Exposed-Infected-Recovered-Susceptible (SEIRS) epidemic model with saturated incidence rate is
investigated considering disease induced death. We established the disease-free equilibrium and endemic equilibrium states of the
model and analyses for the local and global stabilities of the disease free equilibrium using matrix and lyapnnov function

methods respectively when the basic reproduction number, Ro <1 We also proved that when Ro > 1, the endemic state is

locally asymptotically stable. The work is an extension of Kunniya and Nakkata work to include saturated incidence rate and
disease induced death . In the end, some numerical results were given to compare our results with existing results.
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1. INTRODUCTION

The mathematical models formulated are based on population dynamics, behaviour of disease transmissions, features of the
infectious agents and the connections with other social and physiologic factors. Through quantitative and qualitative analysis,
sensitivity analysis, and numeric simulations, mathematical models can give us good understanding of how infectious diseases
spread, discover general principles governing the transmission dynamics of the diseases and identify more importance and
sensitive parameters to make reliable predictions and provide useful control strategies and guidance.

Several authors have worked in this area .Kolawole and Olayiwola [1] considered the numerical simulation of the effect of
saturation terms on the susceptible individuals in SEIRS epidemic model. Greenhalgh [2], Liu [3] discussed dynamical behavior
of epidemiological models with nonlinear incidence rates. Cooke and van den Driessche [4] studied bifurcations in models of
the SEIRS type with density dependent contact rate and death rate with delays. Li and Muldowney [4] studied the global
dynamics of the SEIR models with a non-linear incidence rate and with a standard incidence. . Zhang et.al, [5] considered SEIR
with saturating contact rate Greenhalgh [6] considered SEIR models that incorporate density dependence in the death rate.
Hethcote and Tudor [7] studied endemic infectious disease models for which infection conferred permanent immunity with no
disease-related mortality but with vaccination. The infectious period had a general distribution. Hethcote [8] discussed disease
transmission models with density-dependent demographics. They also considered SIS and SIRS models with a standard

ASI

incidence , where N is the total number of individuals. Greenhalgh, Li et al.[9] analyzed the global dynamics of a SEIR

model with vertical transmission and a bilinear incidence. Zhang et.al, [1] considered SEIR with saturating contact rate.

In [10], Korobeinikov considers the global properties for SEIR and SEIS by means of Lyapunov functions. Li and Jin [11]
considered the global stability of the SEI and SEIR model with infectious force in latent and infected period with non permanent
immunity. Greenhalgh [12] considered some SEIRS epidemiological models with vaccination and temporary immunity. He
assumed that the average duration of immunity exceeded the infectious period and proved that there was a threshold

parameter Ro which determined the dynamics of system. Li, Graef et.al, [13] studied a SEIR model for the transmission of an

infectious disease that spreads in a population through direct contact of the hosts. The force of infection is of proportionate
mixing type.
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In a recent paper, Kuniya and Nakata [14] studied the long time behavior of a nonautonomous SEIRS epidemic model. They
obtained new sufficient conditions for the permanence (uniform persistence) and extinction of infectious population of the model.

In this paper, we extend the work done by Kuniya and Nakata [14] to include saturated incidence rate. We present our
result in form of basic reproduction number and theorems are used to prove the local and global stabilities of the disease free
equilibrium. By numerical simulation, we study the effects of diseases induced death on the model.

2. MATHEMATICAL FORMULATION

A population of size N () is partitioned into subclasses of individuals who are susceptible, exposed (infected but not yet
infectious) infectious and recovered with sizes denoted by S(z) , E(¢), I(t) and R(t) respectively. The sum

E(t)+ 1(¢) is the total infected population. If is assumed that all immigrant individuals are susceptible and vertical

transmission can be assumed to acquire temporary immunity in which recovered individual goes back to the susceptible class
again.

Kuniya and Nakata (2012) considered a non autonomous SEIRS epidemic model as below:

%: A= BSI — S + 6R
ED _ g (u+e)E
dt "
am =eE—(u+r)l
dr
ARW _ 1 (u+ )R
a ]

The parameter A(¢) > O is the birth rate, ,B(t ) > 0 is the disease transmission coefficient, ,U(t ) > 0 is the mortality/death
rate, £(¢) > 0 is the rate of developing infectivity, y(t) > 0 is the recovery rate, o (t) > 0 is the rate of losing immunity

where m > () is the saturation is rate and d(t) > Qs the disease induced death. All other parameters are as defined in the
model of Kuniya and Nakata (2012)

The following differential equations are solved based on the basis assumptions and we have our new model as stated below in
equation (2)

Inclusion of disease induced Death (d)

We introduced disease induced Death (d) into the model and the resulting model is as follows:

B BT s

dt I+ mS +mjyl

dE _ BSI _ (i + £)E

dt I+ mS +mjyl

dl

—=¢E-(u+y+d)l )
dt

dR

— =7 -(u+6)R)

dt
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3. DERIVATION OF RO USING THE NEXT GENERATION MATRIX

. . . -1
Let G be a next generation matrix. It comprises of two parts Fand V'~ where

F'i = M 3)
| dx;
| Ox,

Fi is the new infections, while the Vl transfers of infections from one compartment to another. X o1s the disease free

equilibrium state.

Ro is the dominant Eigenvalue of the matrix

G=FVvV!

(&)

Though there are two disease states but only one way to create new infections. Hence, we are concerned with E and |

compartment of the model. Thus;
From equation (2) we have

dE _ pSI

—_— == E
dt 1+mS +m,l w+e
ﬂst—(u+7/+d)I ©)
dt
From which we obtain
Br o\ Grrraue (ﬂ;f() )
_ I u+y+ U+ E u+y+ U+ E
G=FV = ‘”81 A (U+y+d) 0 @)
(u+y+d)u+e)
The characteristics equation of matrix G in (7) above is
IG-A1|=0
Hence,
- pre or A=0
(u+m A p+y+d)(u+e)
Then dominant eigenvalue is the RO .
Therefore,
BAre
RO = 8
(H+m A p+y+d)(p+e) ®
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4. METHOD OF SOLUTION

Equilibrium / Critical Points: Let

S _dE _di _dR
dt dt dt dt
at theequilibrumS' (1) =E' (1) =1'(t)) =R' (1) =0

= (... to obtain the equations below ()]

Bt
I+mS +m,l
L—(ﬂ+€)E=O
1+nﬁS+an (10)
L—(ﬂ+€)E:0
1+mlS+m21

A—(u+6)R=0

—uS+R=0

Hence,
(= HtOR
4

Solving equations (10) simultaneously for S, E,I,R respectively yields two equilibrium points namely
B N
(S,E,LR)=(S",E",I",R ) =(—,0,0,0)
Y7
For the endemic equilibrium if,

I =I" >0, where I  denote the presence of disease andlet S =S ,E=FE ,R=R"

" -

R = € >0
(u+9)
E

g = (I+m, I u+eE"
(Bl —m,(u+€)E")
§ = A+m, I Y u+e)u+y+d)l’

((ﬂl* -m <u+e)((“ +87+d)j1*]

>0

where ,

(S 1 E 1 1 1 R1 ) and (S ) E ‘ i ) ,R ) ) are the infection free and infection equilibrium respectively.
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5. LOCAL STABILITY OF DISEASE FREE EQUILIBRIUM

We linearize the system of equations in (2) by setting

Let $S—=§,=x,E=E,I=I,R=R

S=x+8§, =x+£:>§=@
Modt dt
By linearization, the system (2) can now be written as,
% = —lux+ﬁ(im —)I + OR + non - linear terms
t
d—E =—(u+eE+ &(l —im1 )] + non — linear terms
d 7"
ﬂzSE—(,u+7+d)I
dt
dR
— =y —(U+)R
dt

The resulting matrix is

B A
xl U 0 7(/\1’”1—1) 5 x
E'|Z| 0 —(u+e) %(l—ﬂ) 0 f+non—linearzerm
I 0 E —(u+y+d) 0 R
R') | 0 0 y —(u+9)
— U 0 &(Aml_l) o
"
A=l 0 —(u+e) Bratmy
We then let y2/ U
0 & —(U+y+d) 0
0 0 /4 —(u+0)

Where A is the Jacobian matrix of the system (14)
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The characteristics equations |A - Al | =0 (15)
Hence,
—urey-a Lraormy 0
y2/
—(u+A) £ —(U+y+d)y-1 0 =0
0 /4 —(U+0)—4 1o

Solving, (16) yields,

A +Qu+e+y+d)A+(u+e)
(U+AD)(uU+I+A) 2_ 2.2 =0

(u+y+d)1-2 "R, an

U

The solution of (17) yields
A =—pu, A, =—(u+9)

Where D =—2&y’ —2&di’ — 4’ R N'm,” +4&dR j1° + 4R pu° +4&’ R, + 4’ dR, + 4117 )R,
+44°R, —4udR N’m ° — 4’ R N’'m’° —4&dR N'm’ —4uR N'm’ —deR Nm’ +u’d’ + €1’
+uy +2utdy

Theorem 1:
2 2
If RO < qu_‘u—/\zrnlz < 1’ The disease free equilibrium is locally asymptotically stable and if R, 2 qu_'u—/\zmlz >1
the disease free equilibrium is unstable
Proof:
u?
Since 12> 0, >0,6 >0, >0,m >0 andif Ro<———F5— <1
Ho—nmmy
It follows from equation from (17) above that
2’1 =—-U, ﬂz =—(u+ 0) and
2 2.2
R rQuety+dA+u+e)u+y+d)| 1-(—2 Ry |=0 .
M
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2

Y7
By Descartes rule of sings there are no sign changes in equation (18) If RO < ,U2 27 2 <l which implies that there are
AN
no positive roots in equation (18) furthermore
If we replace (—ﬂ) in equation (18) yields
A —Qﬂ+€+7+dﬁ“{ﬂ+8Xﬂ+7+d)L{———E——ﬁ&)=0 "
2/

There are 2 sign changes in the above equilibrium, hence we have exact 2 negative roots of
2

y7i
R, <—ﬂ2 —/\sz <1

Therefore, the eigen value of equation (17) are all negative that is

Voo Mr_ew 1y
S Ryt A <N 5
A ﬂ(ﬂ 5 T VD)

1 Ly & 1
Ay =—(p* -2 -~ D
o= O S 2J_>

(20)

Since /7.1 , /12 , /7.3 and /14 are all negative, it follows immediately that the disease free equilibrium is asymptotically stable

,U2
Now, If Ro 2 luz —/\2m12 >1 in equation (17) i.e.
12— A2m?
RrQu+e+y+d)A—(u+e)u+y+d)|1-( —L)Ry |=0 on
Y7,

We have one sign change which implies we have exactly one positive root of equation (21) Also if we replace A by (=A) in

equation (21) we have
2 2 2

P —Qute+y+d)A+u+e)u+y+d) 1—(“;#)1%0 -0

(22)

There is one sign change which implies exactly one negative root ie not all eigen values are negative, hence the disease free
A

equilibrium point (S1 , E1 , Il , R1 )(— ,0,0,0) is unstable if
u

2

Rzt o

H=Nm,
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6. GLOBAL STABILITY OF THE DISEASE FREE EQUILIBRIUM

Consider the Lyapunov function defined thus

L=(u+&l+eE
L' =(u+ée)l +¢eE

Ih :(,u+8)[gE—(,u+7+d)I]+g At - (U+eE
1+ mlS + mzl
At disease free equilibrium we have that
(S, Ep 1R = (2.,0,00,)
U
B A
= (u+e)u+y+ d){ —1}1
(U+m A u+e)pu+y+d)

=(u+&)u+y+d)I[Ry 1)1
If R, <1,
L'<0
Hence the disease free equilibrium is globally asymptotically stable
7. LOCAL STABILITY OF THE ENDEMIC EQUILIBRIUM

We linearize the system of equation (4.1.8.4) again by setting
* * *
S-S =w,E-FE =x,]1-1 =y,R—R¥=¢

dS _dw dE _dv di _dy dR _dz
dt dt’dt dt’dr dt dr dt

We have
%:(—ﬂl* OB S+ B my = o (<8 + S my +288 myl Yy + &+
non linear terms
E:(ﬁl —28'mS" = Bl m,)w+ (BS” = BS m, —285 m,I")
y—(U+ E)x+non linear terms
%zgx—(,u+ Y+ d)y+ non linear terms
t
dz .
m =w— (U + )z +non linear terms
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Writing in matrix form we have

wl (B0 +BImS+pI"m,—)y 0 BS+BSm 425 mI) S

x| | BU-2B8'mS =Bl m,—p) —(u+e) (BS —BSm —288 mI") 0

y 0 £ —(U+y+d) 0

z 0 0 o —(u+90)
w

X

+ non linear terms (29)
y
Z
Theorem: 2

Given f(A)= ﬂ4 — A3ﬂ3 - A412 - Asﬂ —A =0,then (S*,E",I",R ) is locally asymptotically stable if

6
A3<0,A4<0,A5 <O’A6<O

The Jacobian matrix of above equation (4.2.2.1) is

(Bl +2B'mS" + Bl " m, — 1) 0 (=BS" + BS'm +2B5 " m,I") )

A= (Bl =2B'mS —Bl"m) —(u+e) BS —pSm —285"m]I’ 0
0 £ —-(U+y+d) 0
0 0 /4 —(u+9)
(30)
Therefore the characteristics equation is
*
A —=A=0
3D
* *
wl B 2B my ST+ B my — =2 0 (—BS™ + S my +28 " myI™) 5
* # 2
Yl gt oprt S By —ure)-A BT ST my —2B5* Tyl 0
y 0 £ —(U+y+d)-1 0
z 0 0 y —(U+38)-A
If we let
Let A, =—ng(ﬁ1* +280 mS" +ﬂl*2m2)
Ay =B 428 myS” + Bl my ) 33)

* * * *
AZZ,BS -pS ml—Z,BS my 1
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Hence substituting the value of (33) Ay Ajand A,, we have.

B A=+ Ay = (U I —| ()i + y+d + A)+ A (u+8)—(u+y+d)A - A0A2 — A A+t )y + A - e+A2]

A A

—(—(ﬂ+€)(ﬂ+7+d)A1—gT(ﬂ+€) A4 (u+8)+(u+5)(u+8)(u+7+d+A )

+AL (Ut O+ E) = (u+ O+ y+dIA 072<u+5> (u+ A A)
)

A=+ (pu+ep+y+d)A; - (U+E)p+0) = Ay A (u+E)(p+6)+Ap) =0 (34)
Y0

By Descartes rules of sign, we let

=y+A —€+A —(u+0)<0

AA
_ _ _02_ _
A4—[(/1+g)(,u+7+d+A1)+A2(,u+g) (Ut y+dA pov A A U+ r+A g+A2)]<o

A A
( (,u+g)(u+7+d)A ———(,u+g) A A (,u+g)(,u+é)gu+g)gu+y+d+A)+A YU+OW+e) | (35)

A A
—(,u+é)gu+;/+d)A —=—(u+8&- (,u+é)AA <0

A6={—(,u+§)(y+8)(u+7+d)Al 052 (U+e)u+8)—A A(y+8)(,u+5)+AOJ <0
ey

Then equation (35) becomes

fA =2 -AL -AP —AA-A,=0 (36)

if we let A3 <0, A4 <0, As <0, A6 <0 in (35),then f(A)have no change in sign meaning there are no positive roots
of f(A).

Also if we replace Aby —A in (36), yields
FEA =2+ AL - AL —AA—Ag=0

So if A3 <0, A4 <0, AS <0, A6 <0 in (37) f(—ﬂ) have four sign changes which implies that there are exactly

four negative roots of f(—A) . Since we have no positive roots for A 3 <0,A 4 <0,A 5 <0,A 6 <0

Therefore since all eigenvalues are negative then the endemic or disease equilibrium is locally asymptotically stable

it A <0,A, <0,A <0,A, <0.
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8. DISCUSSION OF RESULTS

Fig I: Graph of Susceptibles (5], Infected (1), Exposed (E) andRecovered(E) class
against Time (f) with f=0.0003,1=0.1,2=0.25.8=0.05,d=0.1,p=0.3, m, = 0.03, m, =0.1

T0 1

60

EILRS

Fig 2: Graph of Susceptibles (s, Infected (I}, Exposed (E) andRecovered(E) class
against Time (f) with f=0.19.4=0.1.e=0.25.8=0.05.d=0.1,py=0.3, m, = 0.02, m, = 0.1

The simulation result displayed in Figure 1 with parameter set as shown in the Figure, reveals the asymptotic stability of the
disease free equilibrium when R,=1. It was also observed from that the susceptible class increases as the Exposed and infected

classes decreases which show the effect of disease induced death in the model and disease eradication when [ (disease

transmission coefficient) is so small i.e 0.0005
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Figure 2. reveals the unstable nature of disease free equilibrium because, Susceptible class decreases as the Exposed and Infected
classes increases. This shows the effect of ﬁ (disease transmission coefficient) and d(disease induced death) in the model.

Because ,B is now high of about 0.19 and d( disease induced death) still remain at 0.1

9. CONCLUSION

It is therefore recommended that disease induced death is not a better option for disease eradication, hence other measures could
be used to reduce transmission coefficient so as to get rid of a particular disease.
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